Worksheet: Lect ur el. mns

L ecture1l: What isa PDE?
Andrew J. Bernoff

PCMI, Summer 2003

| Thisworksheet contains the examples from the first lecture.

B Exercise 1: Verifying Some Solutionsto L aplace’ s Equation

> restart:
> wth(plots):
War ni ng, the nanme changecoords has been redefined

F> U =x;
I U:=x
[ > Uxx: =di ff (U, x$2);
I Uxx:=0
T> UWyy:=diff (U, y$2);
I Uyy:=0
> Uxx+Uyy;

0

> plot3d(U, x=-1..1,y=-1..1, styl e=pat chnogri d, shadi ng=ZHUE, axes=box
ed);




> V. =x"2-y"2;

V::xz—y2
> Vxx: =di ff(V, x$2);
Vxx:=2
> Wyy:=di ff(V,y$2);
Wyy:=-2
> Uxx+Wy;
0

> plot3d(V,x=-1..1,y=-1..1, styl e=pat chnogri d, shadi ng=ZHUE, axes=box
ed);

> W =a* U+b*V;

W :=ax+b (x> -y?)

> Wex: =di ff (W x$2);
Wxx:=2b
> Wy: =di ff (Wy$2);

> WKX+Wy;
> Wl ot:=c*W(1l-c)*V:

> ani mat e3d(Wl ot, x=-1..1,y=-1..1,¢=0..1, styl e=pat chnogri d, shadi ng
=ZHUE, axes=boxed, f ranes=50) ;
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B Exercise 2: Verifying Solutionsto the Minimal Surface
Equation
> restart:

> wth(plots):
War ni ng, the nanme changecoords has been redefined

%<w
= n(x)é
> PDE: =(1+2ZyN2) * ZXX+2* ZX* Zy* ZXy+( 1+ZXx"2) * Zyy
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C > 7x: =di ff(Z,x);2y:=diff(Z,y); Zxx:=di ff(2Zx,x); Zyy:=di ff(2y,y); Zxy:
=di ff(2x,y);

r> Z:=log(sin(y)/sin(x)):
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> PDE; si npl i fy(PDE);
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]

> plot3d(Z, x=0..Pi,y=0..Pi,styl e=pat chcont our, shadi ng=zhue, axes=bo
xed, gri d=[ 100, 100],titl e="Scherk’s M ni nal
Surface",view=-1..1);

Scherk’s Minimal Surface
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L
> X =r*cos(phi)-r"3*cos(3*phi)/3;Y:=r*sin(phi)+r*3*sin(3*phi)/3; Z:
=r"2*cos(2*phi);

1
X:=r cog¢) ~ r® co3 @)
. 1,
Y::rsm((p)+§r sin(3 o)
Z::r2c012(m

S plot3d([ X, Y, Z],r=0..3, phi=-Pi..Pi,style=patchnogrid, col or=phi, ax
es=boxed, gri d=[ 100, 100],titl e="Enneper’s M ni mal Surface");

Enneper’s Minimal Surface




L L
= A Solution to the Convection Equation

> restart:
> wth(plots):
War ni ng, the name changecoords has been redefined

T> F=x- >exp(-x"2);

2
L F:=x—>e(x)
F> xi:=x-C't;
L &:=x-Ct
> U =F(xi);

U e(—(x—Ct>2)

> U:=diff(Ut);
(-x-Ct?)
Ut:=2x-Ct)Ce
r> Ux:=diff(U, x);
v 2
Ux::(—2x+2Ct)e( beeon
> PDE: =Ut +C* Ux;
(-(x-Ct?) (-x-Ct?)
PDE:=2(x-Ct)Ce +C(2x+2Ct)e
> sinplify(PDE);
0
> C =1; ani mat e( U, x=-10. . 10, t =0. . 10, nunpoi nt s=200, col or =bl ue, t hi ckn
ess=2,title="Solution to the Transport Equation");

c:=1

Solution to the Transport Equation
1




