Worksheet: Lect ur e2. mas
L ecture 2:

Cooling of aHot Bar: The Diffusion Equation
Andrew J. Bernoff

PCMI, Summer 2003

L Thisworksheet contains the examples from the second lecture.

B The Diffusion Equation: Solutionsto the Dirchlect Problem

> restart:
> wth(plots):
War ni ng, the nanme changecoords has been redefined

Some solutions to the diffusion equation for ametal bar of length Ttwith ends held at zero
temperature:

U=DU,_, O<x<mt, O<t DE
Uuio,t)=0 U(mt)=0 O0<t BC
U(x, 0) =f(x) O<x<rt IC

(> K =1; Note"K" isthe diffusion constant here !! MAPLE reserves"D" for other uses
L K:=1
r> Un:=(n, x,t)->sin(n*x)*exp(-(n"2)*K*t);
. (-n?K1)
L Un:=(n,x t) - sin(xn)e
> U:=diff(Un(n,x,t),t); Uxx:=diff(Un(n,x,t),x$2); U - Uxx;
2
Ut:=-sin(xn)nZe " "
. o (%)
Uxx:=-sin(xn)n“e
0




]

> animate(Un(1, x,t),x=0..Pi,t=0..3, franes=100, col or =bl ue, t hi ckness
:2),
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~> ani mat e(Un(2,x,t),x=0..Pi,t=0..3, frames=100, col or =bl ue, t hi ckness
:2),
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> U =8/ (Pi ~2) *sun( (- 1) "k*Un( (2*k+1), x, t)/ (2*k+1) A2, k=0. . 20) ;

U:.=8 %n(x) e(_t) - z sin(3 x) e(ﬂt) + L sin(5 x) e(_zst) L —sn(7x)e 0 + L sin(9 x) e(_su)
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]

> animate( U, x=0..Pi,t=0..3, franes=100, col or =bl ue, t hi ckness=2);
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> pl ot 3d( U, x=0..Pi,t=0..3, styl e=pat chnogri d, shadi ng=ZHUE, axes=boxe
d);




L L
B The Diffusion Equation: Solutionsto the Neumann Problem

> restart:
> wth(plots):
War ni ng, the name changecoords has been redefined

: Now, let’s insulate the ends of the bar for the same initial condition:

U=DU, O<x<m, O<t DE
U, t)=0 U(mt)=0 0<t BC
U(x, 0) =f(x) O<x<rt IC

F> K =1;
L K:==1
> Vn:=(n, x,t)->cos(n*x)*exp(-(n"2)*K*t);
(-n2Kt)
L Vn:=(n, x,t) - cogxn)e
> WVt:=diff(vn(n,x,t),t); Wwx:=diff(vn(n,x,t),x$2); Vt-Vxx;

Vt:= —cogxn)ne' " 0

Vxx:=—cogX n) n’ e(_n K
T > Vi =1/ 2- 16/ (Pi A2) *sum( Vn( ( 4* k+2)0, X, t)/ (4*k+2) "2, k=0. . 20) ;
V= 1 -16 % coq2 X) e(_4t) + L coq6 X) e(_set) . ——coq10x)e 1000 ! — cog14 x) e( 100
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]

> ani mate(V, x=0..Pi,t=0..3, frames=100, col or =bl ue, t hi ckness=2);
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S pl ot 3d(V, x=0..Pi,t=0..1, styl e=pat chnogri d, shadi ng=ZHUE, axes=boxe
d);




B The Diffusion Equation: Solutionsto the Cauchy Problem

> restart:
> wth(plots):
War ni ng, the name changecoords has been redefined

Fi nally consider the problem on an infinite interval

U=DU,  —oo<x<eo, O<t DE
lim U(x t)<c lim U(xt)<c 0O<t BC
X X = (~=0)
U(x, 0) =f(x) —00<X <00 IC
> K =1;tau: =1;
K:=1
=1

(> G=(x,t)-> 1/sqgrt(4*Pi *K*(t+tau))*exp(-x"2/ (4*K*(t+tau)));
R
K(t+1)
e
G::(X,t)—>

L \/4T[K(t+1’)
> G:=diff(Qqx,t),t);&x:=di ff(Qqx,t),x$2);sinmplify(G-K*Gxx);
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]

ess=2,title="Heat Kernel");

Heat Kernel

> animate( Q x,t), x=-10..10, t=0.. 10, nunpoi nt s=200, col or =bl ue, t hi ckn

xes=boxed) ;
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S pl ot 3d( G(x, t), x=-10..10,t=0..10, styl e=pat chnogri d, shadi ng=ZHUE, a




