Worksheet: Lecture3.mws

L ecture 3:

L aplace's Equation & Harmonic Functions
Jon Jacobsen

PCMI, Summer 2003

Thisworksheet contains some examples from the third lecture.

> restart:with(plots):
War ni ng, the nanme changecoords has been redefi ned

=] Complex Analysis

Thereal and imaginary partsof an analytic function are harmonic functions.
(> fr=(x,y) - >(x+1*y) N2

| fi=(xy) - (x+yl)?
> plot3d(Re(f(x,y)),x=-3..3,y=-3..3, axes=franed, shadi ng=zhue) ;
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zhue) ;

f ramed, shadi ng=

"> plot3d(In(f(x,y)),x=-3..3,y=-3..3, axes

NG:

y) - >(x+l*y)

:(X,

> f:

—

f

3..3,¥y

(x+yl)°
3..3, axes

(% y)

=zhue, nunp

f ramed, shadi ng

> pl ot 3d(Re(f(x,y)), X

=1500) ;
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:

=zhue, nunp

f ramed, shadi ng

> plot3d(Imf(x,y)),x=-4..4,y=-4..4, axes

=1500) ;
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ANT- 2% (xX+l *y) 74,
fi=(xy) -» 3(x+yl) =2(x+yl)

(X,y)->3*(x+l*y)

> f:

zhue, vi ew

f ramed, shadi ng=

> plot3d(Im(f(x,y)),x=-2..2,y=-2..2, axes

. 1500) ;

=-1000.




(> f1=(X,y) - >exp(- (x+1 *y) 22)  (x+] *y) A2) +(x+] *y) *4;
(~(x+y 1))
fi=(xy) o ——+(x+y)*
(X, Y) Xy 1Y (x+yl)
(> plot3d(Im(f(x,y)),x=2..2,y=-2..2,axes=franed, shadi ng=zhue, vi ew

=-24. .29, nunpoi nt s=2000) ;
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"> pl ot 3d(Re(f(x,y)),x=-2..2,y=-2..2, axes=franed, shadi ng=zhue, vi ew
=-26. . 16, nunpoi nt s=2000) ;
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|
Visua]izing Perturbations

Here we use Maple to plot a surface and some perturbations
[ > addcoords(z_cylindrical,[z,r,theta],[r*cos(theta),r*sin(theta), z])

"> g:=(r,t)->5+3/4*r"2*sin(2*t);
3, .
g::(nt)—>5+zr sin(2t)

Hereisasurface:
[ > plot3d(g(r,t),r=0..2,t=0..2*Pi, shadi ng=zhue, gri d=[ 35, 35], coords=z_
cylindrical, styl e=pat chnogri d);

| Hereis an example of a"bump function” phi:

[ > p:=(x,Yy)->pi ecewi se(x"2+y"2 >=1, 0, exp( 1/ (x"2+y"2-1))):

> plot3d(.1*p(x,y),x=-1..1,y=-1..1, nunpoi nt s=500, styl e=pat chnogrid, s
hadi ng=zhue) ;




]

| Let's plot u plus the perturbation:

> animate3d([r*cos(t),r*sin(t),g(r,t)+7.5*cos(eps)*p(r*cos(t)-.9,r*s
in(t)+.5)],r=0..2.3,t=0..2*Pi, eps=0.. 2*Pi , axes=none, shadi ng=zhue, g
rid=[ 35, 35], styl e=pat ch);

"> pl ot 3d(g(r,t)-8.5*p(r*cos(t)-.8,r*sin(t)+.5),r=0..2.3,t=0..2*Pi, ax
es=none, shadi ng=zhue, gri d=[ 35, 35], coords=z_cyl i ndri cal, styl e=patch
nogri d) ;
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