M191 Profs. Bernoff/Su

Putnam TNG #2 — Evaluation of Integrals

The Putnam TNG seminar assumes that you have tried to work the problems in advance of
the seminar and have solved at least one problem that you are willing to present in class.

These problems will be discussed on 9/24/02.

B1: (a) Evaluate the integrals

™ sin(nx) ~ (sin(nz)\”
I, = / dr and J,= / ( > dx
0 0

sin(x) sin(x)

forn=1,2,3.... (Hardy & Williams)
(b) Evaluate the integrals

T sin(nx)
L‘/;(1+2ﬂugmx>dt

forn=1,2,3.... (IMC 1996)

B2: (a) Evaluate the integral

edT _ ebx

I(a,b):/ooox( dz

e + 1)(eb* + 1)

for a > b > 0. (Hardy & Williams)
(b) Evaluate

/00 Arctan(rz) — Arctan(x)
0 T

do .

(Putnam 1982)

B3: Let H be the unit hemisphere {(z,y,2) : *> + y* + 2> = 1,z > 0}, C the unit circle
{(x,y,0) : 2? + y* = 1}, and P the regular pentagon inscribed in C. Determine the surface
area of that portion of H lying over the planar region inside P, and write your answer in
the form Asina + Bcos 3, where A, B, o, 3 are real numbers. (Putnam 1998)



B4: Let ||u|| denote the distance from the real number u to the nearest integer (for example

12.8]| = .2 = ||3.2]|). For positive integers n, let

1 n
ap, = — / |
nJi x
Determine lim,, . a,. You may assume the identity
22446688 oo
13355779 2

B5: Let v rrw
F(z) = x4€_m3/ / e+ duv du
0 Jo

Find lim, ., F(z) or prove that it doesn’t exist

B6: Let

s ea:
I, = / —d
0 14 cos?(nx) v

forn=1,2,3.... Evaluate lim,_ I,.

(Putnam 1983)

(Putnam, 1983)

(Bernoff)

BT7: Let f(z) be a continuous function on the interval I = [0, 1] with the property

wf(y) +yflx) <1

for z,y in I. Prove that
1
|ty dn<?
0 4

and find a function f(x) for which equality is obtained.

(IMC 1997)



