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1 In tro duction

This activit y is basedon an excellent article, Fitting a Logistic Curve to Data, by Fabio Cavallini,
which appears in the College Mathematics Journal, 1993, Volume 24, Number 3, Pages: 247-253.
In his article, Dr. Cavallini describesa number of Mathematica routines he designedto �t a logistic
curve to a given set of data. In this activit y, we will designMatlab routines to accomplisha similar
�tting of the logistic equation to Dr. Cavallini's data set.

2 The Data Set

To quote Dr. Cavallini, \Ecological problems are nowadays of general concern. In particular, in
Italy much attention is being paid to the problem of algal blooms in the Adriatic Seaand this has
led also to an increaseof interest in mathematical ecologyat all levels, from high school teaching
to advancedresearch. The logistic di�eren tial equation, dealt with in the next section, is a classical
but still useful model for describing the dynamics of a one-speciespopulation in an environment
with limited resources.For example, the data in Table 1 represent the time evolution of an algal
sampletaken in the Adriatic Seaand do seemto follow a logistic curve."

time 11 15 18 23 26 31
biomass 0.00476 0.0105 0.0207 0.0619 0.337 0.74
time 39 44 54 64 74
biomass 1.7 2.45 3.5 4.5 5.09

Table 1: Measureddata. Time is expressedin days and biomassis expressedin mm2, since what
is actually measuredis the surfacecovered by biomassin a microscope sample.

We begin by obtaining a plot of the data. First, enter the data in Matlab.

T=[11,15,18,23,2 6,3 1, 39,44 ,5 4,6 4, 74]
M=[0.00476,0.010 5,0 .0 207,0 .0 619,0 .33 7, 0. 74, 1. 7,2 .4 5, 3.5 ,4 .5, 5. 09]

For upcoming calculations, we need to insure that our data is entered in column vectors. This is
accomplishedwith Matlab's transposeoperator.

T=T';
M=M';
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Next, plot the data as discrete points with the following command.

plot(T,M,'o')

A title and axis labels add a professionaltouch.

title('Time evolution of algal sample.')
xlabel('Time (days)')
ylabel('Biomass (mm^2)')

Thesecommandswill create an image similar to that shown in Figure 1.
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Figure 1: Plot of the data listed in Table 1

3 The Logistic Equation

Dr. Cavallini usesthe logistic equation in the form

dm
dt

= rm
�

1 �
m
K

�
; (1)

where t is time, m = m(t) is the biomass,and r and K are positive parameters. Using separation
of variables, it can be shown that the solution of the logistic equation is

m(t) =
K

1 + Ce� r t ; (2)

where C is an arbitrary constant. It is interesting to allow Matlab to provide a solution.
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syms m r k t
m=dsolve('Dm=r*m*(1 -m/K)', 't ')

Matlab responds with the following solution.

m =

K/(1+exp(-r*t)*C 1*K)

Letting C = K C1 in this result provides equation (2).
A somewhat tric ky calculation provides the secondderivative of m with respect to t.

m00(t) =
CK r 2er t (C � er t )

(C + er t )3 : (3)

Of course,you can also allow Matlab to do this calculation for you.

m2=diff(m,t,2)

m2 =

2*K^3/(1+exp(-r* t)* C1*K)^3 *r ^2* exp(- r* t) ^2* C1̂ 2- K 2̂/ (1+exp(- r* t)* C1*K)^2 *r ^2* exp( -r* t) *C1

Of course,you will want to simplify this result.

m2=simple(m2)

m2 =

K^2*r^2*exp(-r*t )*C1*(e xp( -r *t) *C1*K-1 )/ (1+exp(- r* t) *C1*K)^3

A little algebraic manipulation (let C = K C1 and multiply numerator and denominator by e3r t )
will reveal that this is identical to equation (3).

The graph of m = m(t) has a point of in
ection when the secondderivative in equation (3) is
zero. The secondderivative provided by equation (3) is zero when its numerator is zero; that is,
when C = er t . So, if we put C = er t 0 , where t0 is the time when the point of in
ection occurs, then
the solution (2) become

m(t) =
K

1 + e� r ( t � t 0 )
: (4)

Note that the biomassm approachesthe carrying capacity K as t ! 1 .

4 The Curv e Fitting Algorithm

Dr. Cavallini now states: \W e now show a procedurefor �tting, in the least squaressense,a logistic
curve (4) to a given data set (t i ; mi ) for i = 1, 2, . . . , n. In symbols, the problem is to minimize,
for K , r and t0 varying in the real line, the error

e =
nX

i =1

�
m(t i ) � m i

� 2
: (5)
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Figure 2: Finding the squareof the error.

This warrants some explanation. In Figure 2, we've plotted the data set as discrete points and
overlayed a potential solution to our curve �tting goal. Note that the coordinates of the given data
point are (t i ; mi ), while the coordinates of the point with the sameabscissaon the �tted curve are
(t i ; m(t i )). The \error" is m(t i ) � m i . Becausesomeof the data points lie below the �tted curve
while others lie above, we square to insure that our error is positive. That is, the squared error
made at the time value t i is �

m(t i ) � m i
� 2

: (6)

Thus, the total squared error in �tting the curve to our n data points is given by equation (5).
Clearly, the object of the gameis to minimize the total leastsquarederror presented by equation (5).
This is why we say that we are �tting a logistic to the data set in a \least squaressense."

4.1 Eliminating a Parameter

The di�cult y inherent in solving this least squaresproblem is evident in the nonlinear equation
(4). There are three parameters. Most numerical optimization routines require that the user make
a guessat the solution before the routine proceeds. If we eliminate K as one of the parameters,
then there will remain only two, r and t0. As we shall see,with only two parameters, there are
somenice Matlab routines that we can apply to �nd an estimate of the least squaressolution.

So, we let
m(t) = K h(t); (7)

where
h(t) =

1
1 + e� r ( t � t 0 )

: (8)
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4.2 The Power of Linear Algebra

At this point, Dr. Cavallini takesadvantage of the power of linear algebra to simplify the calcula-
tions. He starts by saying that the error given in equation (5) can be written

e = K 2hH ; H i � 2K hH ; M i + hM ; M i ; (9)

where H and M are the vectors

H = hh(t1); h(t2); : : : ; h(tn )i ; and

M = hm1; m2; : : : ; mn i :

This statement de�nitely warrants someexplanation, particularly if you haven't taken linear algebra
as yet.

First, consider two vectors

a = ha1; a2; : : : ; an i ; and

b = hb1; b2; : : : ; bn i :

The dot product of a and b, written ha; bi , is de�ned as

ha; bi = a1b1 + a2b2 + � � � + an bn : (10)

The dot product possessesa number of useful algebraic properties.

1. The dot product is commutativ e.
ha; bi = hb; ai

2. A scalar can be moved about according to the following rule.

hca; bi = ha; cbi = cha; bi

3. The dot product is distributiv e with respect to addition.

ha; b + ci = ha; bi + ha; ci

The Pythagorean Theorem holds equally well in n dimensions and we de�ne the length of a
vector a, denoted by kak, by

kak2 = a2
1 + a2

2 + � � � + a2
n : (11)

It is important to note that
kak2 = ha; ai : (12)

We are now in a position to explain Dr. Cavallini's statement in equation (9). First, note that

e =
nX

i =1

�
m(t i ) � m i

� 2

=
�
m(t1) � m1)2 + � � � +

�
m(tn ) � mn

� 2

=
�
K h(t1) � m1

� 2
+ � � � +

�
K h(tn ) � mn

� 2

= khK h(t1) � m1; : : : ; K h(tn ) � mn ik 2

= kK < h(t1); : : : ; h(tn ) > � < m1; : : : ; mn > k2

= kK H � M k2:
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Now, using equation (11) and the algebraic properties of the dot product, we can write

e = kK H � M k2

= hK H � M ; K H � M i

= K 2hH ; H i � K hH ; M i � K hM ; H i + hM ; M i

= K 2hH ; H i � 2K hH ; M i + hM ; M i

4.3 Minimizing

In equation (9), it's important to note that the total squarederror e still contains three parameters,
K , r , and t0. The idea is to adjust theseparameterssoasto minimize e. In singlevariable calculus,
you �nd a minimum by taking the �rst derivative and setting it equal to zero. It is no di�eren t in
multiv ariable calculus, the only di�erence being that we must take partial derivativeswith respect
to each parameter. In this case,we set @e=@K equal to zero and solve for K .

@e
@K

= 0

2K hH ; H i � 2hH ; M i = 0

K =
hH ; M i
hH ; H i

(13)

Now, substitute this result in equation (9) to get

e = hM ; M i �
hH ; M i 2

hH ; H i
: (14)

Equation (14) contains just two parameters, r and t0, the parameter K being eliminated. This
equation, weshall �nd, is much easierto dealwith, due to the reduction in the number of parameters
present.

4.4 Writing a Function to Evaluate e

We will now plot the graph e, asde�ned by equation (14), asa function of r and t0. The graph will
be a surface in three dimensionsand we locate the solution to our least squareserror by locating
the lowest point on this \error surface." We begin by de�ning a domain in the r t0-plane.

It is a simple matter to determine an interval containing t0, as it must lie in the range of the
given time data. Thus, considering the data in Table 1, the in
ection point occurs at t0, where t0

is somevalue such that 11 � t0 � 74.
A tougher project is to determine a likely range for the reproductive growth rate r . However,

taking the derivative of the function in equation (4),

m0(t) =
K Re� r ( t � t 0 )

(1 + e� r ( t � t 0 ) )2
: (15)

Thus,

m0(t0) =
K r
4

;
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or, equivalently ,

r =
4m0(t0)

K
: (16)

If we examinethe data plotted in Figure 1, it would appear that the point of in
ection occurs near
the point having t-value t = 44, solet's take t0 = 44. We can get a closeapproximation for the slope
at t0, that is, m0(t0), by calculating the slope of the line passingthrough the points immediately
precedingand following the point of in
ection, that is, (39; 1:7) and (54; 3:5). Thus,

m0(t0) �
3:5 � 1:7
54� 39

� 0:12: (17)

Substitute this result in equation (16), using the largest biomassas an approximation for K , that
is K � 5:09. Thus,

r �
4(0:12)

5:09
� 0:0943: (18)

Thus, asa starting point, let's supposethat r falls somewherein the rangede�ned by 0:01 � r � 0:6.
If we �nd this approximation inadequate,we will adjust and try again.

r=linspace(0.01, 0.6 ,4 0) ;
t0=linspace(11,7 4,4 0) ;
[r,t0]=meshgrid( r,t 0) ;

The meshgrid command createsmatrices r and t0 that de�ne a \grid" of points, with r -values
running from 0.01 to 0.6 in 40 equal increments, and t0 values running from 11 to 74 in 40 equal
increments. After the command [r,t0]=meshgrid( r,t 0) both r and t 0 are matrices having 40
rows and 40 columns, each containing 1600entries.

Next, weneedto evaluate eat each point of the grid. Wewill do this by writing a Matlab function
to do the work for us. However, becauseour intent is to later call one of Matlab's optimization
routines to �nd the minimal e-value on our surface, we must write the function in a very special
manner.

function e=myerror(x,t,m)
r=x(1);
t0=x(2);
h=1./(1+exp(-r*( t-t 0) )) ;
e=m'*m-(h'*m)^2/ (h' *h);

This routine warrants someadditional explanation.
First, note that the inputs to the routine, x, t, and m, are special. The variable x contains a

column vector, the �rst entry of which is r , and the secondentry contains t0. Note that the �rst
two lines in the function pluck thesevaluesfrom the vector x and store them in the variables r and
t0, respectively.

Secondly, the variables t and m contain the time and biomassdata. Note that thesevectorswill
hold the time and biomassdata presented in Table 1.

Next, the vector h is computed using equation (8). Note the useof Matlab's array operator ./
as this expressiondivides 1 by a vector of values. In this manner, we compute h(t) for each time
value in Table 1.
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The last line of the routine is especially tric ky, but not quite as tric ky if you know the pertinent
fact from linear algebra. That is, if a and b are column vectors,

a =

0

B
B
B
@

a1

a2
...

an

1

C
C
C
A

and b =

0

B
B
B
@

b1

b2
...

bn

1

C
C
C
A

;

then

ha; bi = a1b1 + a2b2 + � � � + an bn

=
�
a1 a2 � � � an

�

0

B
B
B
@

b1

b2
...

bn

1

C
C
C
A

= aT b:

Thus, m'*m computes the dot product hm; mi , h'*m computes the dot product hh; m i , and h'*h
computes the dot product hh; hi . Thus, the line e=m'*m-(h'*m)^2/( h' *h) computes the error as
de�ned by equation (14).

4.5 Plotting the Error Surface

We now needto plot the error surfaceby evaluating the function myerror at each point of the grid
we de�ned earlier. We begin by determining the size of the matrices r and t0 (they are both the
samesize,so determining the sizeof either one is su�cien t).

[m,n]=size(r);

Next, preparea matrix having the samesizeasmatrices r and t0 to contain the error at each (r; t0)
pair.

e=zeros(size(r)) ;

Now, run a double loop to evaluate the error at each point in the grid de�ned by matrices r and t 0.

for i=1:m
for j=1:n

e(i,j)=myerror( [r( i, j); t0 (i, j) ], T,M);
end

end

This last pieceof code warrants a bit more explanation. Note that we call the function myerror by
passingit three arguments. The �rst argument is a column vector containing the current value of r
as its �rst entry and the current value of t0 as its secondentry . Then we passthe time and biomass
vectors T and M that contain the data provided in Table 1. The function responds by calculating
the error, then placesthe answer in the appropriate position of the matrix e.

We can now easily plot the error surface.
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mesh(r,t0,e)

We add a title and someappropriate axis labels.

xlabel('r')
ylabel('t_0')
zlabel('e')
title('Plotting the error versus the parameters r and t_0')

Thesecommandsproduce the image shown in Figure 3. The solution to the least squaresproblem
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Figure 3: A plot of the \error surface."

lies in our abilit y to locate the minimum error on this surface;i.e, the lowest point on this surface
on the given domain. This can be approximated by clicking the \rotate" icon in the �gure window
and examining the surfaceat di�eren t viewing anglesby dragging the �gure with the mouse.

However, we can get a better indication of where the minimum lies on this surfaceby crafting a
contour plot. This is easyto do in Matlab and requiresno further preparation on our part. We feed
Matlab's contour command the samedata we gave the meshcommand, but we also passanother
parameter which forcesthe drawing of 40 contours.

contour(r,t0,e,4 0)

Again, we add labels and a title.

xlabel('r')
ylabel('t_0')
title('A contour map of the error versus r and t_0.')
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Figure 4: A contour map of the error surface.

Thesecommandswereusedto craft the imagein Figure 4. The contour map arguesfor the existence
of a minimum near the point (r; t0) = (0:1; 50). You might easilybe led to a better approximation by
re�ning the contour map, adding morecontours, or specifying valuesat which you want the contours
drawn. Type help contour at the Matlab prompt to get a full discussionon the capabilities of
Matlab's contour command. We only needa rough estimate to useasa starting point to Matlab's
sophisticated optimization routines, so we'll settle for (r; t0) = (0:1; 50).

4.6 Finding the Minim um Error

We will now useMatlab's fminsearch commandto �nd the minimal point on the error surface. For
a full description of the capabilities of fminsearch , type help fminsearch at Matlab's prompt.
The calling syntax the we will use follows.

X = FMINSEARCH(FUN,X0,OPTIONS,P1, P2,.. .)

The arguments to fminsearch need someexplanation. First, the variable FUNcontains the name
usedto de�ne the function to be minimized. In our case,this is myerror . Then comesthe argument
X0, a column vector containing the initial guess.In our case,we sendthe column vector [0.1;50] .
Next, the variable OPTIONScontains a structure containing options sent to the solver. Theseoptions
are set with Matlab's optimset command. On our �rst e�ort, we will not usethis feature and pass
an empty matrix to OPTIONS. Finally, we can passparameters after passingoptions, and it is our
intent to pass the vector containing the time and biomass data from Table 1. That is why we
de�ned the function myerror as we did.

There is little to do at this point as all preparation have already beencompleted. We needonly
call the optimization routine which will passback the minimum error in the variable min.
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min=fminsearch(@myerr or ,[0 .1 ;50 ], [], T, M)

min =

0.1213
45.7748

Hence,r = 0:1213and t0 = 45:7748is the location of the minimum error on the error surface.
Finally, we useequation (13) to compute K . First, we pluck r and t0 from the variable min.

r=min(1);
t0=min(2);

Next, we compute the vector H .

H=1./(1+exp(-r*( T-t 0) )) ;

Finally, we compute the carrying capacity K using equation (13).

K=(H'*M)/(H'*H)

K =

5.0949

4.7 Plotting the Resulting Logistic

All that remains to be done is the plotting of the �tted logistic on the plot containing the time
and biomass data from Table 1. This is a simple matter, now that we know that r = 0:1213,
t0 = 45:7748,and K = 5:0949are the parameter values that will minimize the least squareerror.

t=linspace(10,75 );
y=K./(1+exp(-r*( t-t 0) )) ;
plot(T,M,'o',t,y )

We add axis labels and a title.

title('Time evolution of algal sample.')
xlabel('Time (days)')
ylabel('Biomass (mm^2)')

Thesecommandsproduce an image similar to that in Figure 5.
Well, that's a prett y impressive �t!

5 Homew ork

For homework, use the technique of this activit y to �t the logistic equation to the United State
population data given in Section3.2, page140,Table 2, in Di�er ential Equations, Polking, Boggess,
and Arnold.
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Figure 5: Fitting the logistic.
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