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Dummit & Foote (7.1) 14, 15, 16, 17

7.1.14 Let x be a nilpotent element of the commutative ring R (cf. the preceding exer-

cise).
(a) Prove that x is either zero or a zero divisor.
(b) Prove that rx is nilpotent for all » € R.
(c) Prove that 1+ x is a unitin R.

(d) Deduce that the sum of a nilpotent element and a unit is a unit.




7.1.15 A ring R is called a Boolean ring if a*> = a for all a € R. Prove that every Boolean
ring is commutative.




7.1.16 Prove that a Boolean ring that is an integral domain has only two elements.




7.1.17 Let R and S be rings. Prove that the direct product R x S is a ring under com-
ponentwise addition and multiplication. Prove that R x S is commutative if and only if
both R and S are commutative. Prove that R x S has an identity if and only if both R
and S have identities.




