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Introduction
• A few years ago Doran and Morgan [8] have classi-

fied integral variations of Hodge structure which can
underlie one-parameter families of Calabi-Yau three-
folds (with h2,1 = 1).

• They have classified all 14 real / 23 integral vari-
ations that can underlie such families and have
provided geometric examples realizing most of the
classes: 13 real / 21 integral.

• Q: Do “missing” examples exist? One can try to “just
find” or “directly construct” them.

• The structure of the hypergeometric series associated
to “the missing real class” suggests starting with a
complete intersection in WP(1, 1, 1, 1, 4, 6), but this
space is not Fano and the necessary mirror construc-
tion is unclear. Kreuzer and Scheidegger proposed a
modified version, but it leads to h2,1 = 3.

• Alternatively, one may try to start with a hypersur-
face in a fourfold fibered by WP(1, 1, 4, 6), prefer-
ably “torically balanced”, which is the case for
WP(1, 1, 2, 8, 12). It also leads to h2,1 = 3.

“Brute Force Search”
• Even very large classes of Calabi-Yau threefolds can

be quite special:
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Figure 1: Hodge numbers of all CICY in products of
projective spaces and anticanonical hypersurfaces in
toric Fano fourfolds, images are taken from [5].

• Among anticanonical hypersurfaces in about 479
millions toric Fano fourfolds there are only FIVE hy-
persurfaces with h2,1 = 1. The corresponding re-
flexive polytopes must be simplices due to Batyrev’s
combinatorial expression [1] for h2,1:
`(∆◦)− 5− ∑

y facet of ∆◦
`∗(y) + ∑

y∨ edge of ∆
`∗(y) · `∗(y∨).

• The next natural class of examples — bipartite com-
plete intersections in toric Fano fivefolds.

• While there is an algorithm for constructing all re-
flexive 5-polytopes, it is unfeasible to work with all
of them. Can we get restrictions similar to being a
simplex? We have obtained an expression for h2,1 [9]:
`(P)− 7− ∑

dim y=0
`∗(2 · y∨) + ∑

dim y=1
`∗(y∨)

+ ∑
dim y=1

`∗(y) · `∗(2 · y∨)− ∑
dim x=2
dim y=3

x<y

`∗(x) · `∗(y∨)

− ∑
dim y=2

`∗(2 · y) · `∗(y∨) + ∑
dim y=3

`∗(2 · y) · `∗(y∨).

However, we were not yet able to derive easy-to-use
combinatorial consequences.

• Another possible way to construct many Calabi-Yau
threefolds is to use geometric transitions.
Definition. Calabi-Yau 3-folds Y and Ỹ are connected by
a geometric transition if there exist a birational contrac-
tion onto a normal variety ϕ : Y → Y and a smoothing of
Y to Ỹ. A geometric transition is called a conifold transi-
tion if the only singularities of Y are nodes. A geometric
transition is primitive if ϕ cannot be factored into bira-
tional morphisms of normal varieties.
Theorem (Wilson [11]). Let ϕ : Y → Y be a primitive
contraction with the exceptional locus E. Then ϕ is of one
of the following three types:
type I ϕ is small,

E is a union of finitely many rational curves;
type II ϕ contracts a divisor to a point,

E is irreducible and is a del Pezzo surface;
type III ϕ contracts a divisor to a smooth curve C,

E is irreducible and is a conic bundle over C.
Definition. A primitive geometric transition is of type I,
II, or III, if the associated ϕ is of this type.

• Batyrev and Kreuzer [2] have analyzed conifold tran-
sitions for a “nice” class of anticanonical hypersur-
faces, obtaining 30 pairs of Hodge numbers with
h1,1 = 1:

Figure 2: Hodge numbers of Calabi-Yau manifolds ob-
tained via transitions (circles) from anticanonical hyper-
surfaces (dots), the image is taken from [2].

• Mirror construction (to get h2,1 = 1) still needs some
work.

“Fixing the Candidates”

Complete Intersections

• One of the potential examples is a nef complete inter-
section X in a certain toric Fano fivefold. Generically
h2,1(X) = 3 and there are two polynomial deforma-
tion parameters, but a singular one-parameter sub-
family formally gives the desired result. One may
hope that there exists a geometric transition from
some Y to X through this singular subfamily.

• There is a toric fibration of X by M-polarized K3 sur-
faces, where M = H ⊕ E8 ⊕ E8 and H is the hyper-
bolic lattice. Some properties of these K3 surfaces
are [6, 7]:
– Normal form in P3 is given by the (singular) quartic

y2zw− 4x3z + 3axzw2 + bzw3− 1
2
(dz2w2 + w4),

where (a, b, d) ∈ WP(2, 3, 6), d 6= 0, modular pa-
rameters at (a, b, 1) are π = a3 and σ = a3− b2 + 1.

– There is a realization inside a toric Fano threefold.
– There are two elliptic fibrations, both are toric in-

side this threefold.
• For fibers of the one-parameter subfamily σ = 1.
• Using Sage [10] and Magma [4] we determined that

generic members of this subfamily have two nodes.
• We are working on constructing its small resolution,

since type II turns out to be impossible for nodes.

Hypersurfaces

• Another candidate example comes from anticanon-
ical hypersurfaces Z in some toric Fano fourfold.
Generically h2,1(Z) = 3 and there are three polyno-
mial deformation parameters. These were studied in
detail by Billo et. al. [3].

• There is also a toric M-polarized fibration.
• Using fibrations, we matched our description of Z

with Billo’s and found a birational map between X
and hypersurfaces Z from a two-parameter subfam-
ily, which seems to extend to a morphism G : X → Z.

• This two-parameter subfamily of hypersurfaces has
a curve C of cA1 singular points, resolved by G.

• By itself C is a smooth curve of genus zero, it devel-
ops a node when we pass to the one-parameter fam-
ily. Nodes on X are mapped by G to the node of C.

• Smooth complete intersections X are connected to
smooth hypersurfaces Z via a type III transition.

Future Work
• Is there a resolution of X to a smooth Calabi-Yau Y?

What are its Hodge numbers? What is its mirror?
• Two integral classes are missing examples in Doran-

Morgan classification — what about the second one?
• Can the relation between X and Z in our case be gen-

eralized to some other classes of hypersurfaces and
complete intersections?
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This poster was made using LATEX class files from Harvey Mudd College.


