
Intro duction
Why We Care

Related Energies
No Rupture
References

An Overviewof Thin Fluid Films

R.M. Baur

MATH 198: Math Forum
Harvey Mudd College

28 Feb 2005

R.M. Baur An Overview of Thin Fluid Films



Intro duction
Why We Care

Related Energies
No Rupture
References

Overview
1 Introduction

The Problem
The Thin Film Equation

2 Why We Care
3 RelatedEnergies

Mass
SurfaceArea
CoatingEnergy

4 No Rupture
Theorem
UsefulFacts
Proof
Bounds

5 References
R.M. Baur An Overview of Thin Fluid Films



Intro duction
Why We Care

Related Energies
No Rupture
References

The Problem
The Thin Film Equation

The Problem

InquiringMindsWant To Know
� How do thesebehave?
� Height of the 
uid is h(x; t ).
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The Problem
The Thin Film Equation

Now Presenting...

Our Hero,the Thin Film Equation

ht = � (hnhxxx)x

Which Is the SameAs...

ht = � nhn� 1hxhxxx � hnhxxxx
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Why We Care

� Thin �lm equationis basisfor lubrication theory
� Would like to know if lubricant will dry up
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Mass
Surface Area
Coating Energy

Conservation

Someenergiescorrespond to physicalproperties.

Mass
� Mass=

R
hdx

� Physically, massis
conserved:

� Massdoesnot change
over time

� @
@t

R
hdx = 0

Shadedregionindicatesmass
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Surface Area
Coating Energy

Dissipation

SurfaceArea
� Usually

Rp
1 + h2

xdx
� Equivalentto considerR

h2
xdx.

� Physicallyand
theoretically, surfacearea
is dissipated:

� Surfacearea will
decreaseif it can

� @
@t

R
h2

xdx � 0

Blue segmentindicatessurface
area
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Balance

CoatingEnergy
� Physicallywe observe


uid sticking to walls
� If � setscontact angle,

coating energyper sideis
� h

� Coatingenergywants to
increase,surfacearea
wants to decrease;they
must balanceeachother

ah ah

Redsegmentsindicatecoating
energy;blue, surfacearea
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Theorem
Useful Facts
Proof
Bounds

Statementof Theorem

Theorem
There is no rupture in any �lm for n > 3:5.

Note
We say the �lm has\ruptured" if its height becomes0 at any
point.
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Theorem
Useful Facts
Proof
Bounds

UsefulFacts

� Fact #1
Z

a2 �
Z

b2 �
Z

jabj

� Fact #2
If a < 0 and x � y, then xa � ya.
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Useful Facts
Proof
Bounds

Proof

Proof
De�ne

E =
Z

h2
xdx; Pm =

Z
hmdx:

Then according to UsefulFact #1,

p
EPm �

Z q
h2

xhmdx

But hm=2 � hx = C � @=@x(hm=2+1 ).
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Bounding

Note
For a periodic function f ,

R
jfx jdx � fmax � fmin.

Substitution...
So

p
EPm � C[max(hm=2+1 ) � min(hm=2+1 )], or

C � min(hm=2+1 ) +
p

EPm � max(hm=2+1 )
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Useful Facts
Proof
Bounds

More Bounding

The CrucialAssumption!
Supposem=2 + 1 < 0 and E and Pm are bounded.

And That Means...
� We know max(h) � �h
� By UsefulFact #2: min(hm=2+1 ) � �hm=2+1
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Useful Facts
Proof
Bounds

And More Bounding

� min(hm=2+1 ) is bounded,
p

EPm is bounded
� This meansmax(hm=2+1 ) is bounded
� If h ! 0, hm=2+1 ! 1 . Contradiction!
� So h 6! 0.
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Proof
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Calculation

A Little Calculation
� m = 3=2 � n

� (That's the m from Pm and the n from the equation!)
� So if m=2 + 1 < 0, then 3=4 � n=2 + 1 < 0...
� Which meansn > 7=2.
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