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> r est ar t :  wi t h( pl ot s) :
War ni ng,  t he name changecoor ds has been r edef i ned 

Two-dimensional examples
Rectangular oscillating membrane
> a: =Pi : b: =Pi : c: =1:
> u : = ( m, n, x, y, t )  - > 

16* ( ( - 1) ^m- 1) * ( ( - 1) ^n- 1) / n^3/ m̂ 3/ Pi ^2* cos( ( m̂ 2+n^2) ^ ( 1/ 2) * t ) * s i
n( m* x) * si n( n* y) :

The first harmonic is periodic, with period 2 p :
> ani mat e3d( u( 1, 1, x, y, t ) , x=0. . a, y=0. . b, t =0. . Pi * sqr t ( 2) ,  

axes=f r amed, t hi ckness=2,  f r ames=16) ;

( )u , , , ,1 3 x y t  has period 
2 p

10
 :



> ani mat e3d( u( 1, 3, x, y, t ) , x=0. . a, y=0. . b, t =0. . 2* Pi / sqr t ( 10) , axes=f r
amed, t hi ckness=2,  f r ames=16) ;

( )u , , , ,5 3 x y t  has period 
2 p

34
 :



> ani mat e3d( u( 5, 3, x, y, t ) , x=0. . a, y=0. . b, t =0. . 2* Pi / sqr t ( 34) , axes=f r
amed, t hi ckness=2,  f r ames=16) ;

Since the various harmonics have different frequencies, a linear combination will not be periodic, 
but almost periodic.



> combi nat i on : = u( 1, 1, x, y, t )  + 10* u( 1, 3,  x, y, t ) + 
200* u( 5, 3, x, y, t ) :

> ani mat e3d( combi nat i on, x=0. . a, y=0. . b, t =0. . 1. 35* Pi , axes=f r amed, t h
i ckness=2,  f r ames=16) ;

> 



This is a round membrane:
> r est ar t :  wi t h( pl ot s) :
> upar t i c: = ( r ,  t het a,  t )  - > 

3. 583422770* 3^ ( 1/ 2) / ( ( 1. 913229428* Pi +105. 4984657) * Pi ) ^ ( 1/ 2) * cos
( 2. 567811151* t ) * Bessel J( 2, 5. 135622302* r ) * s i n( 2* t het a) :

> Tper i od : = 2* Pi / 2. 567811151:
> addcoor ds( z_cyl i ndr i cal , [ z, r , t het a] ,  

[ r * cos( t het a) , r * s i n( t het a) , z] ) :
> ani mat e3d( upar t i c( r , t het a, t ) , r =0. . 1, t het a=0. . 2* Pi , t =0. . Tper i od,

 
coor ds=z_cyl i ndr i cal , axes=BOXED,  f r ames = 12) ;



Damped str ing
Let us consider a homogeneous problem corresponding to the damped string:

PDE:  = utt  -  c2 uxx gut , where  = c2 T

r
 and g is a damping factor (positive);

BC:  = ( )u ,0 t 0 , 
         = ( )u ,l t 0;
IC:  = ( )u ,x 0 ( )f x , 
       = ( )ut ,x 0 ( )g x .

We seek non trivial solutions (eigenfunctions), using the method of separation of variables,
as  = ( )un ,x t ( )X x ( )T t .
As before, the given initial conditions yield
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assuming that g is sufficiently small, so the expression under the radical is positive 
for all n = 1, 2, ...
The general solution of the whole problem (including the initial conditions) is sought as a linear 
combination of the eigenfunctions.
Let us consider a particular case.
> r est ar t : wi t h( pl ot s) :
War ni ng,  t he name changecoor ds has been r edef i ned 

> l : = 1:    c: = 1:   r ho: = 1:    T: = 1:
> unpr ot ect ( gamma) :  gamma: = 2:
> assume( n: : i nt eger ) ;
> al pha : = n - > sqr t ( ( c* n* Pi / l ) ^2 -  gamma^2/ 4) :
Initial position:
> f  : = x - > x* ( 1- x) :
Initial velocity:
> g : = x - > 0 :
> A: = n - > ( 2/ l ) * i nt ( f ( x) * s i n( n* Pi * x/ l ) ,  x=0. . l ) :
> B: = n - > ( 2/ al pha( n) / l ) * i nt ( ( gamma* f ( x) / 2+g( x) ) *  

          s i n( n* Pi * x/ l ) ,  x=0. . l ) :
Eigenfunctions:



> upar t  : = ( n, x, t )  - > exp( - gamma* t / 2) * ( A( n) * cos( al pha( n) * t )  
                    + B( n) * si n( al pha( n) * t ) ) * s i n( n* Pi * x/ l ) :

> ani mat e( upar t ( 1, x, t ) ,  x=0. . 1,  t =0. . 4,  f r ames=36,  t hi ckness=2) ;

> pl ot 3d( upar t ( 1, x, t ) ,  x=0. . 1,  t =0. . 4,  or i ent at i on=[ - 15, 77] ) ;



The plucked str ing
> r est ar t :  wi t h( pl ot s) :

PDE:  = utt c2 uxx

BC:  = ( )u ,0 t 0,  = ( )u ,L t 0.

IC:  = ( )u ,x 0 ( )f x ,     = ( )ut ,x 0 0.

Eigenvalues:
> l ambda : = n - > n* Pi / l :

Initial position: ( )f x is a triangle (plucked string) .
We assume that at a point p on (0, l) the string is lifted to height h,
remaining fixed at the endpoints.
> assume( 0<p,  p<l ,  0<h) ;
> f  : = x - > pi ecewi se( x <=p,  h* x/ p,  x > p,  h* ( l - x) / ( l - p) ) :
We plot the function for particular values of the parameters:
> par t i cul ar  : = { l =1,  h=1/ 2,  p=2/ 3,  c=1} :
> pl ot ( subs( par t i cul ar , f ( x) ) ,  x=0. . 1, y=0. . 1) ;

Fourier coefficientes, A(n).
> Af  : = n - > ( 2/ l ) * i nt ( f ( x) * s i n( l ambda( n) * x) , x=0. . l ) :
> r esul t  : =subs( { cos( n* Pi ) =( - 1) ^n,  s i n( n* Pi ) =0} ,  Af ( n) ) :
> A : = unappl y( r esul t , n) :
We find the amplitudes for particular values of the parameters:
> AA : = subs( par t i cul ar , unappl y( r esul t , n) ) :



This is the solution (eigenfunction) por the particular values we chose:
> u: = ( n,  x,  t )  - > ( AA( n) * cos( c* l ambda( n) * t ) )  

               * s i n( l ambda( n) * x) :
Approximate solution, for our particular choice of the parameters:
> ua : = ( x, t )  - > subs( par t i cul ar ,  sum( u( n, x, t ) ,  n=1. . 17) ) :
> ani mat e( ua( x, t ) , x=0. . 1, t =0. . 2, col or =r ed, t hi ckness=2) ;

This is a plot of the surface u(x, t).
> pl ot 3d( ua( x, t ) ,  x=0. . 1,  t =0. . 2) ;



Localized plucking

Localized plucking, to better see the traveling waves.

We give particular values to all parameters:
> l : =1:   h: =1/ 2:   p: =2/ 3:    c: =1:    

a: = 2/ 3- 0. 2:   b: =2/ 3+0. 1:
> f smal l  : = x - > pi ecewi se( x>=a and x <=p, h* ( x- a) / ( p- a) ,   

x >=p and x<=b,  h* ( x- b) / ( p- b) ) :
> pl ot ( f smal l ( x) ,  x=0. . 1, y=0. . 1) ;



> Asmal l  : = m - > ( 2/ l ) * i nt ( f smal l ( x) * s i n( l ambda( m) * x) , x=0. . l ) :
> usmal l : = ( n,  x,  t )  - > ( Asmal l ( n) * cos( c* l ambda( n) * t ) )  

               * s i n( l ambda( n) * x) :
Approximate solution for this case:
> uaa : = ( x, t )  - > sum( usmal l ( n, x, t ) ,  n=1. . 23) :
> ani mat e( uaa( x, t ) , x=0. . 1, t =0. . 2, col or =r ed, t hi ckness=2,  

f r ames=22) ;

This is a plot of the surface u(x, t).
> pl ot 3d( uaa( x, t ) ,  x=0. . 1,  t =0. . 2,  gr i d=[ 60, 60] ) ;

> 



Musical instruments
We have already seen the plucked string.
Let us discuss other problems for the string equation, arising from
the way musical instruments are played. 

Localized impulse
> r est ar t : wi t h( pl ot s) :
If we hit the string with an impulse K concentrated at a point p,
(say we hit the string with the blade of a knife) then the solution is given by

The nth armonic is given by
> uh : = ( n,  x,  t )  - > 2* K/ ( Pi * c* r ho) * ( 1/ n) *  

       s i n( Pi * n* p/ l ) * s i n( Pi * n* x/ l ) * s i n( Pi * n* c* t / l ) :
> par t i cul ar : = { l =1,  c=1,  K=1,  p=2/ 3,  r ho = 1} :
Approximate solution to the "impulse start":
> ui mp: = ( x, t )  - > sum( uh( n, x, t ) , n=1. . 9) :
> ani mat e( subs( par t i cul ar , ui mp( x, t ) ) ,  x=0. . 1,  t =0. . 2,  

t hi ckness=2) ;

> pl ot 3d( subs( par t i cul ar , ui mp( x, t ) ) ,  x=0. . 1,  t =0. . 2,  
axes=BOXED) ;



Small flat hammer
> r est ar t :  wi t h( pl ot s) :
The initial position is zero, the initial velocity is constant, equal to v0, on a small interval

( , -  p d  + p d). The solution is given by
> u( x, t ) : = Sum( u[ n] ( x, t ) ,  n=1. . i nf i ni t y) :
where the nth armonic is given by
> uh : = ( n,  x,  t )  - > 4* v[ 0] * l / ( Pi ^2* c) * ( 1/ n^2) *  

       s i n( Pi * n* p/ l ) * s i n( Pi * n* del t a/ l ) *  
       s i n( Pi * n* x/ l ) * s i n( Pi * n* c* t / l ) :

> par t i cul ar : = { l =1,  c=1,  v[ 0] =1,  p=2/ 3,  r ho = 1,  del t a=. 1} :
Approximate solution to the "impulse start":
> ui mp: = ( x, t )  - > sum( uh( n, x, t ) , n=1. . 9) :
> ani mat e( subs( par t i cul ar , ui mp( x, t ) ) ,  x=0. . 1,  

t =0. . 2, t hi ckness=2) ;

> pl ot 3d( subs( par t i cul ar , ui mp( x, t ) ) ,  x=0. . 1,  t =0. . 2,  
axes=BOXED) ;


