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Recently T & M Hoffmann-Ostenhof, A. Laptev and J. Tidblom have studied Hardy-like
inequalities for multiparticle systems :
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Felli, Marchini, Terracini have recently been involved in the analysis of when the operator
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But of course, only as an intermediate technical tool, since the problem we look at
corresponds to only 1 electron.




Remark.- Since and 1=jxj? have the same scaling properties,

X Ci . 1 X Ci

T .a N 1 Vv -5
g X ij? 2 g, ix A2




Remark.- Since and 1=jxj? have the same scaling properties,

X Ci . 1 X Ci

T .a N 1 Vv -5
g X ij? 2 g, ix A2

For instance, inthe case M = 2, if jyj = d,

1 N 1 _ 1 1 . 1 _C
. X yiZ  jx+ yj2 2 * X y12  jx+ yaij? RE

with jy1j = = 1,




Very well known (truncation) method : IMS (Ismagilov, Morgan-Simon, Sigal)

If M singularities, let (Jy)r_;* bea WLl (RN) partition of unity in the sense that

F)
Mt J2=1and int(suppdi)\ int(suppdj)=; ifi 6 j.

Fork = 1;:::;M, J¢ 1linaball centered at yx and supported in a larger ball also
centered at y .




Very well known (truncation) method : IMS (Ismagilov, Morgan-Simon, Sigal)

If M singularities, let (Jy)r_;* bea WLl (RN) partition of unity in the sense that

F)
Mt J2=1and int(suppdi)\ int(suppdj) = ; ifi 6 j.

Fork = 1;:::;M, J¢ 1linaball centered at yx and supported in a larger ball also
centered at y .

Z M¢+1 Z Z M¢+1 !
ir ui®  Vijuji? = ir (Jwj? Vi u)j? ir Jkj® juj®:

N N N
R k=1 R R k=1




Very well known (truncation) method : IMS (Ismagilov, Morgan-Simon, Sigal)

gM singularities, let (Jx)p_;* be a W1 (RN) partition of unity in the sense that
Mt J2=1and int(suppdi)\ int(suppdj) = ; ifi 6 j.
Fork = 1;:::;M, J¢ 1linaball centered at yx and supported in a larger ball also

centered at y .

Z M¢+1 Z Z Mc+1 !

ir ui®  Vijuji? = ir (Jkwiz  ViQdgw)j? ir Jki® juj?
RN k=1 RV RN =
Iffork = 1;:::;M, on suppJg, V(X) jx—ykjf+ L.




Very well known (truncation) method : IMS (Ismagilov, Morgan-Simon, Sigal)

If M singularities, let (Jy)r_;* bea WLl (RN) partition of unity in the sense that

F)
Mt J2=1and int(suppdi)\ int(suppdj) = ; ifi 6 j.

Fork = 1;:::;M, J¢ 1linaball centered at yx and supported in a larger ball also
centered at y .

Z M¢+1 Z Z Mc+1

ir ui®  Vijuji? = ir (Jkwiz  ViQdgw)j? ir Jki® juj?
RN k=1 RV RN =
Iffork = 1;:::;M, on suppJg, V(X) jx—ykj2_+ L.

2
and if cy %andl kK M,

Z Z
ir (G wi® Vg u)j? Lk jJk uj? dx
N




Z Z

N ir (Im+1 Wj%  Vjm 41 v)j? sup (VI3 .1 ) N juj dx :

If d= minjg; jyi Vj]j,we canchoose the Jy's such that

Mc+1 , 2
ir Jxj — !




Z Z

N ir (Im+1 Wj%  Vjm 41 v)j? sup (VI3 .1 ) N juj dx :

If d= minjg; jyi Vj]j,we canchoose the Jy's such that

Mc+1 , 2
ir Jxj — !

Finally, controlling the remainder a little bit more carefully than above, one obtains

Z y , Z W Z
jr uj2dx + + juj? dx
RN d? d? RN

juj?

-1 RN X yij?

dx O0; 8u:




Z Z

N ir (Im+1 Wj%  Vjm 41 v)j? sup (VI3 .1 ) N juj dx :

If d= minjg; jyi Vj]j,we canchoose the Jy's such that

M(+1 2
ir kj>  —:

2
k=1 d

Finally, controlling the remainder a little bit more carefully than above, one obtains

Z y , Z W Z
jr uj2dx + + juj? dx
RN d? d? RN

juj?

——— _dx O0; 8u:
i-1 RN X yij?

... and that implies that




At least for M = 2 we know how to use a more re ned IMS method (new idea) to pass

from
X2 2 2
1 SR T
to
X2 2
' X vl @ &
2
But anyway, these asymptotics are bad for d small ! Indeed, for instance, if (N_2)"

aM
1 O:foralld> O.




At least for M = 2 we know how to use a more re ned IMS method (new idea) to pass

from
X2 2 2
1 SR T
to
X2 2
' X vl @ &
2
But anyway, these asymptotics are bad for d small ! Indeed, for instance, if (N_2)"

aM
1 O:foralld> O.

Let us go back to the idea that Hardy inequalities can be obtained by expanding squares.
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Remark. We can do the same (more complicated, but same ideas) for more than 2
singularities.
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IMS, which is the method traditionally used in this kind of business, is good for distant
singularities, but the square expanding method gives much better estimates for nearby
singularities.

In a recent work Javier Duoandikoetxea and Luis Vega have explored a new
(geometrical) method to compute the lowest eigenvalues of V in RN fora
nonnegative potential V in M N=2(RN ) with only one singularity.

Even more recently, we have extended it to the Dirac case together with Jean Dolbeault,
Javier Duoandikoetxea and Luis Vega.

Right now we are working on the extension of this new method to the case of several
singularities, and we are optimistic about getting much better estimates for d small than
with the other 2 methods. To follow...
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