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Introduction

Problem 1: Let us consider a function of type

F (x) = Pn 0 (x) +
Pn 1 (x)

p
x + a1

+
Pn 2 (x)

p
x + a2

+ � � � +
Pn K (x)

p
x + aK

where

Pn j (x) is a polynomial of degree less or equal than n j in x ,

a1 < a 2 < : : : < a K real constants.
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where

Pn j (x) is a polynomial of degree less or equal than n j in x ,

a1 < a 2 < : : : < a K real constants.

Can we give an upper bound for the number of zeroes Z (F ) that F (x) has in (� a1 ; + 1 ) ?
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Introduction

Problem 2: Let us consider a function of type

F (x) = Pn 0 (x) + Pn 1 (x) ( x + a1) � 1 + Pn 2 (x) ( x + a2) � 2 + � � � + Pn K (x) ( x + aK ) � K

where

Pn j (x) is a polynomial of degree less or equal than n j in x ,

a1 < a 2 < : : : < a K real constants.

� j < 1

Can we give an upper bound for the number of real zeroes Z (F ) that F (x) has in (� a1 ; + 1 ) ?

Remark: Problem 1 = Problem 2 + [� j = � = � 1=2].
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General case: sketch of the proof

Algorithm (general case): Differentiate & Divide
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General case: sketch of the proof

Algorithm (general case): Differentiate & Divide

Based on the following two basic properties:

(From Rolle's Thm) If f continuous in [a; b] and differentiable in (a; b) then

Z (f ) � Z (f 0) + 1 :

If g(x) continuous in [a; b], differentiable in (a; b) and of constant sign in (a; b) then

Z (f ) = Z (f � g):
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General case: sketch of the proof

Algorithm (general case): Differentiate & Divide

Based on the following two basic properties:

(From Rolle's Thm) If f continuous in [a; b] and differentiable in (a; b) then

Z (f ) � Z (f 0) + 1 :

If g(x) continuous in [a; b], differentiable in (a; b) and of constant sign in (a; b) then

Z (f ) = Z (f � g):

Moreover, we use that

d
dxm

�
(x + a) ` (x + a) �

(x + b) �

�
= L m (x + a) ( x + a) ` (x + a) � � m

(x + b) � + m

where L m (x + a) is a polynomial of degree � m and non-zero constant term. Indeed,

L m (0) =
�( � + 1)

�( � � m + 1)
(b � a)m 6= 0 :
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General case: sketch of the proof

Differentiate & Divide :

Assume n1 � n2 � : : : � nK .

Pm j (x) means a general polynomial of degree less or equal than m j .
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Differentiate & Divide :

Assume n1 � n2 � : : : � nK .

Pm j (x) means a general polynomial of degree less or equal than m j .

F (0) (x) = F (x) = Pn 0 (x) + Pn 1 (x)( x + a1) � 1 + Pn 2 (x)( x + a2 ) � 2 + � � � + Pn K (x)( x + aK ) � K
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General case: sketch of the proof

Differentiate & Divide :

Assume n1 � n2 � : : : � nK .

Pm j (x) means a general polynomial of degree less or equal than m j .

F (0) (x) = F (x) = Pn 0 (x) + Pn 1 (x)( x + a1) � 1 + Pn 2 (x)( x + a2 ) � 2 + � � � + Pn K (x)( x + aK ) � K

# D n 0 +1

P~n 1 (x)( x + a1 ) ~� 1 + P~n 2 (x)( x + a2) ~� 2 + � � � + P~n K (x)( x + aK ) ~� K

# 1=(x + a1 ) ~� 1

F (1) (x) = P~n 1 (x) + P~n 2 (x)
(x + a2) ~� 2

(x + a1) ~� 1
+ � � � + P~n K (x)

(x + aK ) ~� K

(x + a1 ) ~� 1

# D ~n 1 +1

� � � � � � � � � � � �
.
.
.

. . .
.
.
.

. . .
.
.
.

. . .

F ( K ) (x) = Pn̂ K (x)
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Estimates

Estimate:

Z (F ) �
KX

j =0

2K � j n j + n2 + 2 K � K + 2 :
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Estimates

Estimate:

Z (F ) �
KX

j =0

2K � j n j + n2 + 2 K � K + 2 :

Remark: In general, it is very dif�cult to obtain better estimates fo r Z (F ) since it depends on n j , � j and aj (the

number of real zeroes are very sensitive to small changes of these values). However, this can be done in the particular

case � j = � , n j = n .
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Main Theorem

Theorem: In the case

F (x) = Pn (x) + Pn (x) ( x + a1) � + Pn (x) ( x + a2) � + � � � + Pn (x) ( x + aK ) �

with a1 < a 2 < : : : < a n and � < 1, one has that

Z (F ) � (K + 1)( n + 1) � 1.

9 ~F (x) such that Z ( ~F ) = ( K + 1)( n + 1) � 1.
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Main Theorem

Theorem: In the case

F (x) = Pn (x) + Pn (x) ( x + a1) � + Pn (x) ( x + a2) � + � � � + Pn (x) ( x + aK ) �

with a1 < a 2 < : : : < a n and � < 1, one has that

Z (F ) � (K + 1)( n + 1) � 1.

9 ~F (x) such that Z ( ~F ) = ( K + 1)( n + 1) � 1.

Main idea of the proof:

f 1; x; x 2 ; : : : ; x n ; (x + a1) � ; x (x + a1 ) � ; : : : ; x n (x + a1) �

(x + a2) � ; x (x + a2 ) � ; : : : ; x n (x + a2) �

.

.

.

(x + aK ) � ; x (x + aK ) � ; : : : ; x n (x + aK ) � g

is a Tchebycheff system in (� a1 ; + 1 ) .

T-systems applied to some weak 16th Hilbert's Pb– p. 7



Tchebycheff systems: de�nition

Let us consider
�

1; x; x 2 ; x3 ; : : : ; x n
	

. The space Rn [x] = h1; x; x 2 ; x3 ; : : : ; x n i has very nice properties:

Any Q(x) 2 h1; x; x 2 ; x3 ; : : : ; x n i has at most n zeroes in R.

The interpolation problem has a unique solution:

Given f x j ; yj gj =0 ;:::;n with distinct x j then 9! Q(x) 2 h1; x; x 2 ; x3 ; : : : ; x n i s.t. Q(x j ) = yj for

j = 0 ; : : : ; n .
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Tchebycheff systems: de�nition

Let us consider
�

1; x; x 2 ; x3 ; : : : ; x n
	

. The space Rn [x] = h1; x; x 2 ; x3 ; : : : ; x n i has very nice properties:

Any Q(x) 2 h1; x; x 2 ; x3 ; : : : ; x n i has at most n zeroes in R.

The interpolation problem has a unique solution:

Given f x j ; yj gj =0 ;:::;n with distinct x j then 9! Q(x) 2 h1; x; x 2 ; x3 ; : : : ; x n i s.t. Q(x j ) = yj for

j = 0 ; : : : ; n .

Can be de�ned sets of functions verifying similar propertie s ?

De�nition: Let us consider g0(x); : : : ; gn (x) continuous functions de�ned on D .

We say that f g0(x); g1(x); : : : ; gn (x)g is a Tchebycheff system , (T-system, in short) in D if any

G(x) 2 hg0(x); g1(x); : : : ; gn (x)i has at most n zeroes in D .
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T-systems: examples

Examples:

�
x � 0 ; x � 1 ; : : : ; x � n

	
in [0; + 1 ) if 0 � � 0 < � 1 < : : : < � n

in [0; + 1 ) if � 0 < � 1 < : : : < � n

�
x � 0 ; x � 0 log x; x � 1 ; x � 1 log x; : : : ; x � n ; x � n log x

	
in (0; + 1 ) if � 0 < � 1 < : : : < � n .

�
1

x � � 0
;

1
x � � 1

; : : : ;
1

x � � n

�
in R n f � 0 ; � 1 ; : : : ; � n g if � 0 < � 1 < : : : < � n .

f 1; cosx; cos 2x; : : : ; cosnx g in [0; � ) .

f 1; cosx; sin x; cos 2x; sin 2x; : : : ; cosnx; sin nx g in [0; 2� ) .
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T-systems: some properties

Proposition: Given g0(x); g1 (x); : : : ; gn (x) real-valued continuous functions on D . Then, the following

assertions are equivalent:

8G(x) 2 hg0(x); g1 (x); : : : ; gn (x)i it has at most n real zeroes

The interpolation problem has a unique solution.

For any distinct x0 ; x1 ; : : : ; x n 2 D one has that

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

g0 (x0 ) g1 (x0 ) � � � gn (x0 )

g0 (x1 ) g1 (x1 ) � � � gn (x1 )

g0 (x2 ) g1 (x2 ) � � � gn (x2 )
.
.
.

.

.

.
. . .

.

.

.

g0 (xn ) g1(xn ) � � � gn (xn )

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

6= 0 HAAR CONDITION
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T-systems: some properties

Proposition: (see, for instance Karlin & Studden 1966, Shisha 1980, Borwein & Erdélyi 1995)

If f g0(x); g1 (x); : : : ; gn (x)g T-system in D

f 2 C (D) of constant sign

then

f f (x)g0 (x); f (x)g1 (x); : : : ; f (x)gn (x)g

is a T-system in D .

If f g0(x); g1 (x); : : : ; gn (x)g T-system in [a; b]

g0(x); g1 (x) : : : ; gn (x) Lebesgue integrable in [a; b]

then �
1; c0 +

Z x

a
g0 (t ) dt; c1 +

Z x

a
g1 (t ) dt; : : : ; c n +

Z x

a
gn (t ) dt

�

is a T-system, for any c0 ; c1 ; : : : ; cn integration constants.
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Hilbert's 16th Problem & Weak Hilbert's 16th Problem

(a part of) Hilbert's 16th Problem (1900):

8
<

:
_x = Pn (x; y ) Pn ; Qn real polynomials

_y = Qn (x; y ) maxf deg Pn , deg Qn g = n � 2

For any n , Pn and Qn , which is the maximal number of limit cycles H (n) , called Hilbert's number, that such a

system can have ?
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Hilbert's 16th Problem & Weak Hilbert's 16th Problem

(a part of) Hilbert's 16th Problem (1900):

8
<

:
_x = Pn (x; y ) Pn ; Qn real polynomials

_y = Qn (x; y ) maxf deg Pn , deg Qn g = n � 2

For any n , Pn and Qn , which is the maximal number of limit cycles H (n) , called Hilbert's number, that such a

system can have ?

Weak Hilbert's 16th Problem (Arnol'd 1977,1990):

8
<

:
_x = H y (x; y ) + "f (x; y )

_y = � H x (x; y ) + "g (x; y )

where H , f and g are real polynomials of degree n + 1 , n and n respectively. Assume for " = 0 :

f 
 h g � f (x; y ) : H (x; y ) = hg continuous family of ovals (period annulus).

For any n , H , f and g, which is the maximal number of zeroes of the Abelian Integral

I (h) =
I


 h

f (x; y ) dy � g(x; y ) dx ?
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Limit cycles & zeroes of I(h)

Poincar é-Pontryagin: If d(h; " ) is the displacement function then

d(h; " ) = "I (h) + " 2 � (h; " ) as " ! 0:

� analytic and bounded close to " = 0 .

I (h) Melnikov function.

Isolated zero of d(h; " ) ! limit cycle.
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Limit cycles & zeroes of I(h)

Poincar é-Pontryagin: If d(h; " ) is the displacement function then

d(h; " ) = "I (h) + " 2 � (h; " ) as " ! 0:

� analytic and bounded close to " = 0 .

I (h) Melnikov function.

Isolated zero of d(h; " ) ! limit cycle.

Malgrange: # f zeroes of d(h; " )g � # f zeroes of I (h)g (counting multiplicity)
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Our problem

Previous results: LLibre & Pérez del R�́o, & Rodr�́guez, Llibre, Viano & Llibre & Giacomini, Xiang & Han, Llibre & Buica and

many others.

Statement of the problem: Let us consider the system

8
<

:
_x = y

Q K
i =1 (x + ai ) + "P (x; y )

_y = � x
Q K

i =1 (x + ai ) + "Q (x; y )

where

P (x; y ) =
P K

j =1

�
~Pn j (x; y )

Q K
i =1
i 6= j

(x + ai )
�

+ ~Pn 0 (x; y )
Q K

i =1 (x + ai );

Q(x; y ) =
P K

j =1

�
~Qn j (x; y )

Q K
i =1
i 6= j

(x + ai )
�

+ ~Qn 0 (x; y )
Q K

i =1 (x + ai ):

For " = 0 (unperturbed system) we have:

It has a linear center at (0; 0). Straight lines of �xed points: x = � ai .

Integrating factor:
� Q K

i =1 (x + ai )
� � 1

:

Therefore, locally, H (x; y ) = x2 + y2 f.i. and 
 h =
�

x2 + y2 = h
	

, for 0 < h < h � , period annulus.
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Application of T-Systems

Question: For " 6= 0 , can we estimate de number of limit cycles that bifurcate from the period annulus (for " = 0 ) ?
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Application of T-Systems

Question: For " 6= 0 , can we estimate de number of limit cycles that bifurcate from the period annulus (for " = 0 ) ?

Key point: One can proof that

I (
p

h) = I (h) =
I


 h

P (x; y ) dy � Q(x; y ) dx
Q K

i =1 (x + ai )
=

[polar coordenates: x =
p

h cost y =
p

h sin t ]

= : : : = Pn 0 (h) +
Pn 1 (h)

q
h + a2

1

+
Pn 2 (h)

q
h + a2

2

+ � � � +
Pn K (h)

q
h + a2

K

:

where it can be applied the previous result concerning this type of families as a T-systems.
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