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Problem 1: Let us consider a function of type

P X P X P X
F(x) = Prg(x)+ oty el oy I (),
X+ a X+ az X + ag

where
2 Pnj (X) is a polynomial of degree less or equal than nj inX,

®» a; <ajy<:.::<a k real constants.
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Problem 1: Let us consider a function of type

P X P X P X
F(x) = Prg(x)+ oty el oy I (),
X+ ap X+ az X + ag

where
2 Pnj (X) is a polynomial of degree less or equal than nj inX,

®» a; <ajy<:.::<a k real constants.

Can we give an upper bound for the number of zeroes Z (F ) that F (X) hasin ( az;+1 ) ?
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Problem 2: Let us consider a function of type

F(X)= Png(X)+ Pny(X)(X+ a1) *+ Pny(X)(x+ a2) 2+ + Pn (X)(x+ax) “

where
® Pp, (X) is a polynomial of degree less or equal than Nj in X,
$» a; <ay<:::<a k realconstants.

9 j <1

Can we give an upper bound for the number of real zeroes Z (F ) that F (X) hasin( az;+1 )?

Remark: Problem 1 =Problem2+[ ; = = 1=2].
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® Algorithm (general case): Differentiate & Divide
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® Algorithm (general case): Differentiate & Divide

® Based on the following two basic properties:

» (From Rolle's Thm) If f continuous in [a; D] and differentiable in (&; b) then

Z() z (O+1:

» Ifg(Xx) continuous in [a; b], differentiable in (&; b) and of constant sign in (&; b) then

Z(t)= 2z 9):
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® Algorithm (general case): Differentiate & Divide

® Based on the following two basic properties:

» (From Rolle's Thm) If f continuous in [a; D] and differentiable in (&; b) then

Z() z (O+1:

» Ifg(Xx) continuous in [a; b], differentiable in (&; b) and of constant sign in (&; b) then

Z(t)= 2z 9):

» Moreover, we use that

< (x+ a) B c(xt+a) T
e (x + a) W = Lm(x+a)(x+ a) (X + b) *m

where L m (X + @) is a polynomial of degree M and non-zero constant term. Indeed,

( +1)
( m +1)

Lm (0) = (b a)™ 80:
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Differentiate & Divide

» Assume Nq no L Nk .

2 ij (X) means a general polynomial of degree less or equal than mj .
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Differentiate & Divide :

» Assume Nq no L Nk .

2 ij (X) means a general polynomial of degree less or equal than mj .

FO (x)= F(x) = Pno(X)+ Pny(X)(X+ a1) 1+ Pn,(X)(x+ az) 2+ + Pnp (X)(X+ ak) K

T-systems applied to some weak 16th Hilbert's Pb—p. 5



Differentiate & Divide :

» Assume Nq no L Nk .

2 ij (X) means a general polynomial of degree less or equal than mj .

FO(x)= F(X)= Png(X)+ Pny (X)(x+ @1) 1+ Pny(X)(x+ @) 2+  + Pny (X)(X + ag) X
#Dno*l
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Differentiate & Divide :

» Assume Nq no L Nk .

2 ij (X) means a general polynomial of degree less or equal than mj .

FO ()= F(X)= Pog(X)+ Pny(X)(x + @1) *+ Py (X)(x + @2) 2+  + Pny (X)(x+ ax) ¥
#Dno+l
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Differentiate & Divide :

» Assume Nq no L Nk .
2 ij (X) means a general polynomial of degree less or equal than mj .
FO(x)= F(X)= Pro(X)+ Pry ()(X+ a1) L+ Py (0(x+ @) 2+ + Py (X)(X+ ak) X
#D no+l

Pr, (X)(X + a1) 7t + P, (X)(X + @2) 72+ + Pr (X)(X+ ax )78
#1l=(x+ a1) *
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Differentiate & Divide :

» Assume Np no L Nk .
® Pnm, (X) means a general polynomial of degree less or equal than mj .
FO (x)= F(X)= Png(x)+ Py ()(X+ a1) 1+ Py ()(X+ a2) 2+ + Py (X)(x+ ag) K
#D no+l

Pr, (X)(X + a1) 7t + P, (X)(X + @2) 72+ + Pr (X)(X+ ax )78
#1l=(x+ a1) *

D (y) = (x + ap) 2 (x+ ag )7«

F® (x) P00+ Pry (0 C Bt Py (0
#DH1+1

F(O () = Pay (X)
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» Estimate:

Z (F) 2 T nj + np+2K K +2:
j=0
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Estimate:

X .
Z (F) 2 T nj + ny+2% K +2:

j=0

Remark: In general, it is very dif cult to obtain better estimates for Z (F ) since it depends on nj, j anda; (the
number of real zeroes are very sensitive to small changes of these values). However, this can be done in the particular

case j = ,nj = Nn.

T-systems applied to some weak 16th Hilbert's Pb—p. 6



Theorem: In the case

F(X)= Pn(X)+ Pn(X)(x+ a1) + Pp(X)(x+ az) + + Pn (X) (X + ag )

witha; <az2 <:::<apand < 1, onehasthat
®» Z(F) (K+1(n+1) 1
» 9F(x) suchthat Z(F)=(K +1)(n+1) 1
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Theorem: In the case

F(X)= Pn(X)+ Pn(X)(x+ a1) + Pp(X)(x+ az) + + Pn (X) (X + ag )

witha; <az2 <:::<apand < 1, onehasthat
» Z(F) (K+1)(n+1) 1.
» 9F(x) suchthat Z(F)=(K +1)(n+1) 1

Main idea of the proof:

f Lx;x2;0x™; (x+ ag) ;x(x+ ai) ;:inxM(x+ ag)
(X+ az) ;x(x+ a2) ;::5x"(x+ az)
(Xx+ak) ;x(x+akx) ;::x"(x+ak) 9

is a Tchebycheff system in( az;+1 ).
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o

o
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s AnyQ(x) 2 hil;x;x2:x3:::::x"i has at most N zeroes in R.

» The interpolation problem has a unique solution:

® Can be de ned sets of functions verifying similar propertie s ?
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;X" The space Rn [x] = hl;x;x2:x3;::::Xx"i has very nice properties:
s AnyQ(x) 2 hl;x;x?2;x3;:

» The mterpolatlon problem has a unique solution:
with distinct Xj then 9! Q(X) 2 h1;X; Xx2:x3; 00 x"i st Q(xj) = yj for

n | has at most N zeroes in R.

Can be de ned sets of functions verifying similar propertie s ?

De nition: Let us consider go(X); :
We say that f go(X); g1(X);:::;

» On (X) continuous functions de ned on D.
-3 0n (X)g is a Tchebycheff system , (T-system, in short) in D if any

G(x) 2 hgo(X);91(X);:::;dn(X)i has at most N zeroesin D.
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$» Examples:

» X 0:x O0logx;x 1;x llogx;:::;x n;x nlogx in(0;+1)if o< 1<:::< q.
1 1 1
. : S inRnf o; 1;::1:; nQif 0< 1<:ii<
X o X 1 X n
s f1;cosx;cos2;:::; cosnxgin[O; ).
s f1;cosx; sinx; cos 2; sin2x;:::; cosnx; sinnxgin[0;2 ).
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do(Xo)
Jo(X1)
Jo(X2)

go(Xn)

g1(Xo)
01(X1)
01(X2)

g1(Xn)

gn (Xo0)
On (X1)
On (X2)

On (Xn)

60

HAAR CONDITION
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® Proposition: (see, for instance Karlin & Studden 1966, Shisha 1980, Borwein & Erdélyi 1995)

o

f 2C (D) of constant sign

then

is a T-system in D.

go(X);91(X) :::;9n(X) Lebesgue integrable in [a; b]

then Z Z Z

X X X

1;co + do(t) dt;cy + gu(t)dt;:::;cn + on (1) dt
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® (a part of) Hilbert's 16th Problem (1900):
8
<

X = Pn(xy) Pn; Qn real polynomials
y Qn(Xy) maxf deg Pn,degQng=n 2

Forany N, Pn and Qp , which is the maximal number of limit cycles H (Nn), called Hilbert's number, that such a

system can have ?
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® (a part of) Hilbert's 16th Problem (1900):
8
<

X = Pn(xy) Pn; Qn real polynomials
y Qn(Xy) maxf deg Pn,degQng=n 2

Forany N, Pn and Qp , which is the maximal number of limit cycles H (Nn), called Hilbert's number, that such a

system can have ?

» Weak Hilbert's 16th Problem (Arnol'd 1977,1990):

8
S X = Hy(xy) + f(xy)
oy = Hx(xy) o+ "g(xy)
where H , f and g are real polynomials of degree N + 1, N and N respectively. Assume for " = 0:

f hg f (X;y): H(X;y) = hg continuous family of ovals (period annulus).

Forany n, H,f and g, which is the maximal number of zeroes of the Abelian Integral

|
I (h) = f(xy)dy g(xy)dx 2

h
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®» Poincar é-Pontryagin: If d(h;") is the displacement function then

d(h;")= "l (h)+ "% (h;") as"! O

r analytic and bounded closeto " = 0.

s | (h) Melnikov function.

» Isolated zero of d(h;") ! limit cycle.
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®» Poincar é-Pontryagin: If d(h;") is the displacement function then

d(h;")= "l (h)+ "% (h;") as"! O

r analytic and bounded closeto " = 0.

s | (h) Melnikov function.

» Isolated zero of d(h;") ! limit cycle.

» Malgrange: # fzeroesofd(h;")g # fzeroesofl (h)g (counting multiplicity)
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Previous results: LLibre & Pérez del R0, & Rodr'guez, Llibre, Viano & Llibre & Giacomini, Xiang & Han, Llibre & Buica and

many others.

Statement of the problem: Let us consider the system

: Q
S x o=y (xta) + "P(XY)
Yy = x g (x+a) + "Qxy)
where
P Q Q
P(xiy) = 1 Paj(xy) ;Kgl_ (x+a) +Pno(Xy) e (X+ a);
6 ]
P Q Q
Q(xy) = L Qnj(xy) ;Kgl_ (x+ &) + Qno(Xy) ~ixg (X+ &):
6 ]
® For" =0 (unperturbed system) we have:
» It has alinear center at (0; 0). Straight lines of xed points: X = ;.
» Integrating factor: iK:1 (x + &)
s Therefore, locally, H (X;y) = X%+ y2fiand = X2+ y2=nh ,forO<h<h |, periodannulus.
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® Question: For" 6 0, can we estimate de number of limit cycles that bifurcate from the period annulus (for" = 0) ?
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® Question: For" 6 0, can we estimate de number of limit cycles that bifurcate from the period annulus (for" = 0) ?

® Key point: One can proof that

|
P _ _ POGy)dy Q(xy)dx _
I( h) I(h) i \{iK::L (X+ ai)

P— P— .
[polar coordenates: X = hcost y = hsint]

= 1= Pno(h)+ "Pnl(h) + anz(h) + + anK (h)_:

Y
2 2 2
h+ aj h+ a3 h+ ag

where it can be applied the previous result concerning this type of families as a T-systems.
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