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1 Introducti on

Poliom yeliti si scharacteri zed by f ever,m otorparal ysi s,and atrophy ofskel etalm uscl es(acute
flacci d paral ysi s,AFP).Thecri ppl ingvi rushasdi sabl ed nearl y 20m illion peopl el ivi ng today
[11].Soon,however,thi svi ruswi llno l ongerhurtourchi ldren.Si ncei tscreati on in 1988,the
G lobalPol io Eradi cati on Ini ti ati ve hashel ped cut the gl obaltol lofpol io paral ysi s f rom an
esti m ated 350, 000 to f ewerthan 500 i n 2001 [ 11].A f terbei ng deem ed eradi cated,pol io will
becom e the second vi rus to have been eradi cated f rom the worl d (the first bei ng sm allpox
in 1980 [ 10]).The goalofpol io eradi cati on hasbeen m et i n m ostpartsofthe worl d (W HO
deem ed the Am eri cas Pol io-free i n 1994 [ 11]and the 51 countri es representi ng the EURO
regi on werecerti fied pol io-free i n June2002 [ 1]),and each country thathasci ti zenssufferi ng
from the di sease hasbeen gi ven a pl an ofacti on foreradi cati on [1].

There are two m ai n vacci nes that are used to bui ld the hum an i m m une system : oral
pol iovi rus vacci ne and i nacti vated pol iovi rus vacci ne. O PV,as i ts nam e suggests can be
adm inistered oral ly,ei therasa drop i nto the m outh,oron a sugarpi ll.The benefitsofthi s
vacci ne are that i t doesnot requi re a trai ned m edicalstaff f or the i m m unizati on ofpeopl e,
nordoesi trequi resteri leinjecti on equi pm ent.Them ai n costofusi ng thi svacci nati on i sthat
iti sa strai n of“l ive” vi rus,hencethosegi ven thi svacci neenteran i nfecti ousstage,and there
is a ri sk ofsufferi ng the consequences ofcontracti ng pol io when usi ng i t. IPV i s a “dead”
form ofthe vi rus,hence there i sno ri sk ofcontracti ng pol io from the vacci ne,however,i t i s
notcom pl etel y effecti ve.O nl y a f racti on ofthosewho recei vethi svacci nebecom ecom pletel y
im m une,whereasothersentera stage ofreduced suscepti bi lity (hence can sti llcontract the
wild-strai n ofpol iovi rus).Thi svacci ne can onl y be adm inistered through an i njecti on.Thi s
creates the need f or trai ned m edicalstaff and the use ofl arge am ounts ofsteri le injecti on
equi pm ent(whi ch i sby no m eansi nexpensi ve) [ 11].

Them ain m ethod by whi ch devel opingcountri esvacci natethepopul ati on i sby organi zi ng
nati onali m m unizati on days(N ID s).Thesedaysareorgani zed by m any groupsi nternati onal
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organi zati ons(onecoul d see theschedul eofnati onali m m unizati on daysf oreach country by
vi si ti ng < http: //www. uni cef .org/pol io/ni dsched. htm > ).G eneral ly,these program stargeta
speci fic age group (m ostl y chi ldren),and one coul d be vacci nated m ul ti ple ti m es.

Thegoalofm athem ati cal ly m odeling pol io isto predi ctthetransm i ssi on ofpol io.M odel s
incl uding vacci nati on dynam icsgeneral ly seek to find som e m i nim um vaccinati on levelsuch
thatthevi ruswi llbeeradi cated.Thegoalhere i sto determ i nean opti m alpol io eradi cati on
strategy f ora gi ven country by subj ecti ng a system ofdi fferenti alequati on to the theory of
opti m alcontrol .

2 M athem ati calM odel s ofPol iom yeliti s

O ne ofthe m ore recentdeterm i nisti c m odelsofpol io transm i ssi on and vacci nati on provi des
a system ofdi fferenti alequati onsf oreach vacci ne separatel y [4].Vari ousotherm odel shave
addressed vari ous aspects ofthe transm i ssi on ofpol iovi rus. For exam pl e,Cvj etanovi c,et .
al. consi dered an age structured m odel[ 2].Thi swould be key f orl ooki ng atthe effectsofa
nati onali m m unizati on day whereonl y thosef rom a certai n agebracketarebei ng vacci nated.

2.1 T he O P V M odel

The O PV m odelofEi chnerand Hadel er[ 4]consi ders4 sub- popul ati ons: the f racti on ofthe
popul ati on currentl y suscepti ble(s);thef racti on ofthepopul ati on thathasbeen vacci nated,
butare sti lli n the i nfecti ve stage (v);the f racti on ofthe popul ati on thathasbeen i nfected
by wild pol iovi rus(w);and the f racti on ofthe popul ati on thathasbecom e i m m une (r). In
thi sm odel,theauthorsassum ea constantpopul ati on,and hencethebi rth rate= death rate
= µ.The m odeli sasf ol lows:

ṡ = (1− p)µ − β wsw − βvsv− µs (1)

v̇ = pµ + β vsv− γ vv− µv (2)

ẇ = βwsw − γww − µw (3)

ṙ = γ ww + γvv− µr (4)

where p i s the constant f racti on of new bi rths that are vacci nated (the authors assum e
vacci nati on atbi rth),µ i sboth thebi rth and death rateofthepopul ati on,β v and βw arethe
infecti on ratesthatsom eonei n popul ati on v and w (resp. ) contactsand i nfectsa suscepti ble
indi vi dual ,and γ v and γ w are the recovery rates ofpopul ati on v and w (resp. ). It i s of
interestto note thatsi ncewehavea constantpopul ati on wehave the f ol lowing rel ati onshi p:
s+ v+ w + r = 1,hence we need onl y consi der the 3 di m ensionalsystem of(s,v,w).
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Following the anal ysi s of Ei chner and Hadel er on thi s m odel, we can find the basi c
reproducti venum bers,R v and R w,ofthevand w popul ati ons(resp. ).Thebasi creproducti ve
num berdeterm i nesthenum berofpeopl ethatwi llbei nfected by an averagei nfected person.
IfR w ≥ 1,the vi rus i sendem ic. In thi scase we have

Rv =
βv

γv + µ
(5)

Rw =
βw

γw + µ
. (6)

In general ,R w and R v are greater than one, thus the di sease i s endem ic and hence i t i s
requi red thatwe use vacci nati onsto f orce the system i nto a vi rus- free equi libri um (oruni n-
fected). The uni nfected equi libri um can by f ound by setti ng w = 0 and sol vi ng for s̄ and v̄
by setti ng ṡ= 0 and v̇ = 0.From thi swe find

s̄ =
Rv + 1

2Rv
−

1

2Rv
{(R v − 1)2 + 4pR v} 1/2 (7)

v̄ =
µ(1− s̄)

µ + γv
. (8)

However,si nce we assum e that we are not yet on an uni nfected equi libri um traj ectory,we
sol ve the (s,v,w)system f orequi libri um and find

ŝ =
1

Rw
(9)

v̂ =
pµ

βv
·

RwRv

Rw − Rv
(10)

ŵ =
µ

βw

(

Rw − 1−
pR2

w

Rw − Rv

)

. (11)

Noti ci ng that both ˆ v and ŵ are f uncti ons ofp,we can set ˆ w = 0 and sol ve f or the cri ti cal
val ue p = p∗ thatwoul d force w(t)→ 0.W e find

p∗ =

(

1−
1

Rw

) (

1−
Rv

Rw

)

, (12)

hence f oral lp > p ∗ the uni nfected equi libri um becom eslocal ly stabl e (proved i n [4]).

2.1.1 O P V Sim ulati ons

Eichner and Hadel er di d not i ncl ude any num eri calsi m ulati ons wi th thi s m odel,but di d
provi deparam eterval uesf oran arbi trary devel oping country (see tabl eatend ofsecti on for
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param eterval uesused).Taki ng these param eterval ues,we can use M atl ab’ sode sol vers to
si m ulate thei rresul ts.By testi ng thesystem wi th both thesti ff and non- sti ff sol vers(ode15s
and ode45,resp. ,wi th an absol ute and rel ati ve error tol erance 1e− 10),we find that the
non-sti ff sol ver i sm ore effi ci ent,and hence concl ude that thi s i sa non- sti ff system .

By substi tuti ng the val ues ofthe param eters i nto the basi c reproducti ve num bers (R v

and R w)and cri ti calvacci nati on level(p ∗ ),we see that

Rv = 2.99

Rw = 11.98

p∗ = 0.6877.

Thegeneraldynam i csofthesystem i n theabsenceofvacci nati on (p = 0)can beseen i n figure
1. An i nteresti ng questi on i s ofthe dynam i cs ofthi s system when i nsuffi ci ent vacci nati on

Figure 1: O PV m odelin the absence ofvacci nati on.

is taki ng pl ace. The dynam i c ofthe m odelwhen p = 0. 1 can be vi ewed in figure 2. W hen
we set p = p ∗ ,we see that w → 0 (see figure 3),however thi s happens rel ati vel y qui ckl y,
and l eadsone to questi on the quanti tati ve resul tsofthi ssystem .w onl y reacheszero i n the
lim it,howeversi nce we are deal ing with a fini te popul ati on,when w i ssuffi ci entl y sm all,i t
willrepresenta popul ati on si ze ofl ess than one person,thus the i nfected popul ati on would
be effecti vel y zero.
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Figure 2: O PV m odelwith i nsuffi ci entvacci nati on (p = 0. 1)

Figure 3: O PV m odelw ith p = p ∗ = 0.6877
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param eter val ue

µ 1/45
βv 36
βw 144
γv 12
γw 12

2.2 T he IP V M odel

The IPV m odelprovi ded by Ei chner and Hadel er [ 4]consi ders five sub- popul ati ons of a
constantpopul ati on.Thef racti on ofthepopul ati on thathasnotbeen vacci nated ori nfected
is the “ori ginal ” suscepti ble popul ati on,s 0. The f racti on ofthe popul ati on that has been
vacci nated,but are not com pl etel y i m m une due to the i neffecti veness ofthe IPV vacci ne,
is the reduced suscepti bi lity popul ati on (assum ed to be hom ogenous), s 1. The f racti on
of the popul ati on that has contracted the wi ld-pol iovi rus,and was never vacci nated,are
the “ori ginal ” i nfecteds,w 0. The f racti on ofthe popul ati on that has contracted the wi ld-
pol iovi rusaf terhavi ng been vacci nated arei n cl assw 1.Thosewho havegai ned f ul li m m unity
to the pol iovi rusare i n the rem oved popul ati on,r.The m odeli sasf ol lows:

ṡ0 = µ(1− p)− β(w 0 + gw1)s 0 − µs0 (13)

ṡ1 = µ(1− a)p− β(w 0 + gw1)fs 1 − µs1 (14)

ẇ0 = β(w 0 + gw1)s 0 − (γ + µ)w 0 (15)

ẇ1 = β(w 0 + gw1)fs 1 −
( γ

h
+ µ

)
w1 (16)

ṙ = γ
(

w0 +
w1

h

)
− µr+ µap. (17)

Again, the authors assum e a constant popul ati on with bi rth rate = death rate = µ,and
that a f racti on p of the new bi rths are vacci nated, but due to the i neffecti veness of the
vacci ne,onl y a f racti on a ofthese enter the rem oved popul ati on. The “ori ginal ” i nfected
popul ati on (w 0) wi lli nfect the “ori ginal ” suscepti ble popul ati on (s 0) at a rate β,but the
infecti vi ty ofthe vacci nated i nfected popul ati on (w 1) i s reduced by a f actorg (0 ≤ g ≤ 1),
and the suscepti bi lity ofthe vacci nated suscepti ble popul ati on by a f actor f, 0 ≤ f ≤ 1.
The “ori ginal ” i nfected popul ati on willrecover at a rate γ,but vacci nati on increases the
recovery rate by a f actor 1

h (0 < h ≤ 1).
Sim ilarto above,we can find the basi c reproducti ve num bers,R 0 and R 1,ofthe w 0 and
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w1 popul ati ons(resp. ) and find

R0 =
β

γ + µ
(18)

R1 =
βfg

γ/h + µ
. (19)

W e note agai n that i n general ,both R 0 and R 1 are both greater than 1,hence the vi rus i s
endem ic. W e can find the uni nfected equi libri um by setti ng w0 = w1 = 0 and sol vi ng the
system f or( s̄0, s̄1)(note thatsi nce we havea constantpopul ati on s0 + s1 + w0 + w1 + r = 1,
thuswe need onl y consi der the system (s 0,s 1,w 0,w 1)). W e find the uni nfected equi libri um
to be

s̄0 = 1− p (20)

s̄1 = (1− a)p. (21)

Since i t i s assum ed that we are not yet on a traj ectory toward the uni nfected equi libri um ,
Eichnerand Hadel erprove the proposi ti on thatata vacci nati on levelp,the basi c reproduc-
ti on num ber f or the vi rus i s R (p) = R 0 − (R 0 − (1 − a)R 1)p. G i ven that thi s i s true (see
paperf orproof),wecan setR (p)= 1 and sol ve f orthecri ti calval uep = p∗ such thatf oral l
p > p∗ ,the average i nfected person i s i nfecti ng l ess than one otherperson,hence the vi rus
willdi e out.They find

p∗ =

(

1−
1

Rw

)
Rw

Rw − (1− a)R 1
. (22)

2.2.1 IP V Si m ulati ons

For the system offive di fferenti alequati onsrepresenti ng IPV vacci nati on dynam ics,we use
M atl ab to i ntegrate the equati onswi th both a sti ff and non- sti ff sol ver (ode15sand ode45,
resp. ) wi th theabsol uteand rel ati ve tol erancesetto 1e− 10 (param eterval uescan bef ound
attheend ofthi ssecti on). Itshal lj ustbenoted thatthesystem wasm oreeffi ci entwi th the
non-sti ff sol ver,and hence i t i sassum ed that thi s i sa non- sti ff system .

A ftersubsti tuti ng param eterval uesf oran arbi trary devel opi ng country (f ound i n [4]and
listed bel ow),wefind thebasi creproducti venum bersand cri ti calvacci nati on levelasf ol lows:

R0 = 11.98

R1 = 1.199

p∗ = 0.9856.
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Itshoul d benoted thattheval ue forp ∗ isvery hi gh,butnotunreal isti cal ly so.Forexam pl e,
in Bosni a,f or the first three boosters ofPol io vacci ne,99 percent ofchi ldren recei ved the
firstdose by the age of12 m onthsand thi sonl y decl inesto 96 percentby the thi rd dose [ 1],
thusvacci nati ng at the 98. 56% ispossi ble.

In theabsenceofvacci nati on,there i sagai n osci llati onsi n the traj ectori esofthepopul a-
ti ons(see figure 4).Atthe 10% vacci nati on level ,we see osci llati onsagai n,butthe i nfected

Figure 4: IPV m odeli n the absence ofvacci nati on (p = 0)

popul ati onssettl e ata l owerl evel(see figure 5).W hen p = p ∗ = 0.9856,we see thatw 0 and
w1 approach zero rel ati vel y qui ckl y (see figure 6).Thi sagai n indi cates that the m odelm ay
beinsuffi ci ent,si ncei ti sunl ikel y thatvacci nati ng thenew bi rthswi lleradi catepol io so f ast.

param eter val ue

µ 1/45
a 0.3
β 144
γ 12
f 0.5
g 1
h 0.2

8



Figure 5: O PV m odelwith i nsuffi ci entvacci nati on (p = 0. 1)

Figure 6: IPV m odelw i th p = p ∗ = 0.9856
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3 O pti m alC ontrol

In the 1950s,L.S.Pontryagi n and a team ofm athem ati ci ans devel oped what i s cal led the
m axim um princi ple, whi ch gi ves equi val ent resul ts to the probl em s addressed under the
cl assi calcal cul usofvari ati ons,but i sal so capabl e ofhandl ing such thi ngsasconstrai ntson
deri vati vesoff uncti ons (whi ch i susef uli n econom icswhere net i nvestm entand producti on
ratesare nonnegati ve) [ 7].

In general ,every opti m alcontrolprobl em requi res a set ofstate vari ables (x(t)) whose
dynam ics are determ i ned by a set of di fferenti alequati ons ( dx i

dt = f i (x,t)). The goalof
opti m alcontroltheory i s regul ate one or m ore of the state vari ables by deri vi ng a set of
control f uncti ons, u(t), whi ch are i ncorporated i nto the system of di fferenti alequati ons.
These control f uncti ons are to be chosen such that the state i s control led opti m ally. To
do thi s we first need a quanti tati ve way of m easuri ng the state and “cost” of usi ng the
control . W e do thi s by establ ishi ng an obj ecti ve f uncti onal , J(x,u(t),t), whi ch i s to be
m inim ized subj ectto the gi ven constrai ntsofthe state vari ables.Si nce thi stheory wasfirst
appl ied withi n the contextofeconom i cs,thi sobj ecti ve f uncti onali sal so known asthe “cost
functi on”.

3.1 O pti m ally C ontrol l ing the O P V M odel

O urgoali s to dri ve v and w to zero opti m ally. The onl y com ponentofthe system thatwe
can controli s the vacci nati on level ,p,thusconsi derourcontrolp = p(t). W e then have as
oursystem :

ṡ = (1− p(t))µ − β wsw − βvsv− µs (23)

v̇ = p(t)µ + β vsv− γ vv− µv (24)

ẇ = βwsw − γww − µw (25)

ṙ = γ ww + γvv− µr (26)

Consider the cost f uncti on:

m in

p ∈ Ω

∫ t1

t0

1

2
Av2 +

1

2
B w2dt (27)

where A and B are wei ghted param et ers.
W e then m ust construct the Ham i ltoni an,H (as descri bed by K am ien and Schwartz i n

[7]:

H =
1

2
Av2 +

1

2
B w2 + λ1ṡ+ λ 2v̇+ λ 3ẇ + λ4ṙ (28)
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where each λ i , i= 1,...,4 sati sfy the f ol lowing costate equati ons:

λ̇1 = −
dH

ds
= λ1(β ww + βvv+ µ)− λ 2βvv− λ 3βww (29)

λ̇2 = −
dH

dv
= − Av+ λ 1βvs− λ 2(β vs− γ v − µ)− λ 4γv (30)

λ̇3 = −
dH

dw
= − B w + λ1βvs− λ 3(β ws− γ w − µ)− λ 4γw (31)

λ̇4 = −
dH

dr
= − λ4r. (32)

Pontryagi n’sM axim um Princi ple statesthat i n orderf orp ∗ (t) to be opti m al,i t i sneces-
sary thatH be ata m i nim um atp∗ (t),hence we m usthave

dH

dp
= λ1µ − λ2µ = 0. (33)

Since the deri vati ve i s not a f uncti on ofp,we have can onl y have a bang-bang sol uti on
(i .e. the controlwi llei ther be at i ts m axi m um or m inim um ). Si nce we m ust f orce ∂H

∂t =
0, p ∗ (t)= p m ax when µ(λ 1 − λ2)< 0 and p ∗ (t)= 0 when µ(λ 1 − λ2)> 0.Atµ(λ 1 − λ2)= 0
we define p ∗ (t)= 0. 5,between p m in and pm ax.

W ethen m usti m posetransversal ity condi ti onson thecostatevari abl estom akethi sprob-
lem well-posed.Thetransversal itycondi ti ons(asoutl ined i n [7])areasf ol lows:(λ 1(t f ),λ 2(t f ),λ 3(t f ),λ 4(t f )
(0,1,1,0) (si nce we want the vacci nated and i nfected popul ati ons to tend toward zero,and
the rem ai ning two popul ati ons are f ree at the finalti m e). Si nce we have i niti alcondi ti ons
for the state vari ablesand term i nalcondi ti onson the costate vari ables,butm ustsol ve the
enti re system over the enti re ti m e intervalsi m ultaneousl y,we have a two- poi nt boundary
val ueprobl em (TPBVP).Ichoseto useNewton’ sm ethod to sol ve theTPBVP,and weshal l
discuss Newton’ s m ethod i n m ore detai lpresentl y. Let q = λ 0 = λ(0) be the param eter
representi ng the setofi ni ti alcondi ti onsf or the costate equati ons,and l etG be a m ap such
thatG(q)= λ(T )− λ ∞ ,where λ ∞ isthe desi red term i nalval ue ofthe costate equati ons(i n
thi scase,λ ∞ = (0,1,1,0)).O urgoali s to find q such thatG(q)= 0.To find such a q,we
constructa sequenceq n+ 1 = qn − J(q n)− 1G(q n)whereJ(q n)− 1 isthei nverseoftheJacobi an
m atri x (determ i ned f rom the vari at ionalequat ion d

dt
∂x
dλ = ∂

∂λ
dx
dt = ∂

∂λ f(x,u(t))).W i thi n the
contextofa com puterprogram ,one term i natesthesequencewhen G(q n)i ssuffi ci entl y cl ose
to 0.

The resul ts of the si m ulati on i s i n figure 7. I have chosen p m ax = 0.9 si nce that i s a
real isti c goalf or a seri es ofN ID s,whi ch the bang- bang sol uti on seem s to represent. O ne
willnoti ce thatthe traj ectory ofthe i nfected popul ati on doesnotseem to devi ate f rom that
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ofthe previ ous m odel . Thi s i s i nteresti ng because under the opti m alvacci nati ons,we are
notconstantl y vacci nati ng (whi ch i snotal wayspossi ble in devel oping countri esdue to the
insuffi ci ent staff requi red f orsuch goal s,but i t i s possi ble to bui ld up the requi red num ber
ofvol unteersf orN ID s).

Figure 7: opti m alvacci nati ons f orO PV m odel

3.2 O pti m ally C ontrol l ing the IP V M odel

In thi ssecti on,weappl y thesam e opti m alcontroltheory oftheprevi oussecti on to the IPV
m odel.Recal lthat the setofstate equati onsare asf ol lows:

ṡ0 = µ(1− p(t))− β(w 0 + gw1)s 0 − µs0 (34)

ṡ1 = µ(1− a)p(t)− β(w 0 + gw1)fs 1 − µs1 (35)

ẇ0 = β(w 0 + gw1)s 0 − (γ + µ)w 0 (36)

ẇ1 = β(w 0 + gw1)fs 1 −
( γ

h
+ µ

)
w1 (37)

ṙ = γ
(

w0 +
w1

h

)
− µr+ µap(t). (38)

O urgoali sto bri ng the i nfected popul ati onsto zero,and ouronl y controli svacci nati on.
W e seek to find the f uncti on p(t) = p ∗ (t) that wi llbri ng the i nfected popul ati ons to zero
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opti m ally. In l ine with the typi calopti m alcontroltheory outl ined above,we shal lestabl ish
an obj ecti ve f uncti on thatquanti fiesthe costofthe vi ruswhi ch we willm i nim ize.Consi der
the f ol lowing asoutobj ecti ve f uncti onal :

J =

∫ t1

t0

1

2
Aw0 +

1

2
B w1dt. (39)

W ecan then constructourHam i ltoni an based on thetheory ofK am i en and Schwartz [ 7]:

H =
1

2
Aw2

0 +
1

2
B w2

1−
→

λ ·ẋ (40)

wherewedenote(s 0,s 1,w 0,w 1,r)as(x 1,x 2,x 3,x 4,x 5)= ẋ and define
→

λ asthesetofcostate
vari ableswhich sati sfy the f ol lowing di fferenti alequati ons:

λ̇1 = −
dH

dx1
= λ1(β(x 3 + gx4)+ µ)− λ 3β(x 3 + gx4) (41)

λ̇2 = −
dH

dx2
= λ2(β(x 3 + gx4)f − µ)− λ 4β(x 3 + gx4)f (42)

λ̇3 = −
dH

dx3
= λ1βx1 + λ2βfx 2 − λ3(β − (γ + µ))− λ 4β − λ5γ (43)

λ̇4 = −
dH

dx3
= λ1βgx 1 + λ2βgfx 2 − λ3βgx 1 (44)

− λ4

(
βgfx 1 −

γ

h
− µ

)
−

γ

h
λ5 (45)

λ̇5 = −
dH

dx5
= λ5µ. (46)

O ne necessary condi ti on for an opti m alp ∗ (t) i s that the Ham i ltoni an be constant wi th
respect to the controlat the opti m um ,hence

dH

dp
= − µ(λ 1 − aλ 2)p = 0. (47)

Sincethederi vati veoftheHam i ltoni an with respectto p i snota f uncti on ofp,wehaveonl y
a bang- bang sol uti on,hence we wi llj um p from pm in to p m ax atdi screte ti m es.

The resul tsofthi ssi m ulati on can be f ound i n figure 8. Ichose to use p m ax = 0.9 agai n,
si nce thi s i sa reasonabl e goal .Noti ce i n thi scase thatthe vacci nati onsare constantf orthe
first 0. 3 ofthe year,and zero past that. Thi s i ndi cates that al though a hi gher vacci nati on
level over the enti re peri od i s requi red to guarantee eradi cati on, l ess eradi cati on for an
opti m alam ountofti m e can also dri ve the i nfected popul ati on toward zero.
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Figure 8: opti m alvacci nati ons f or IPV m odel

4 C oncl usi on

For thi s proj ect, I started out on a quest to opti m ally eradi cate pol io. A l ong the way, I
found the m odel s that Iwas soon to subj ect to the theory ofopti m alcontrol . Upon doi ng
so,Iwasabl e to deri ve the abstract f orm forthe opti m alvacci nati on strategy f orany gi ven
country,and hence devel op a qual itati ve understandi ng ofthe rel ati onshi p between opti m al
vacci nati on and the m athem ati cs. However,si nce the system was m ul ti -dim ensionaland
nonl inear,there was no way to sol ve the two- poi ntboundary val ue probl em analyti cal ly. I
was theref ore requi red to subj ect thi sabstractsystem to Newton’ sm ethod f ora num eri cal
approxi m ati on.Thankf ul ly Iwasabl e to getNewton’ sm ethod to converge.Iam awarethat
thi s i snotal waysthe case.

As a way of f urtheri ng thi s research, i t woul d always to be ni ce to experi m ent wi th
vari ousotherf orm softheobj ecti ve f uncti onal .W ith each di fferentobj ecti ve f uncti onal ,one
willachi eve sl ightl y di fferent resul ts,and hence i twoul d be worthwhi le to experi m entwi th
vari ousother f orm s. Forexam pl e,Ichose to use a quadrati c form for the popul ati ons that
Iwasseeki ng to m i nim ize,buti twoul d be i nteresti ng to see how a l inearf orm would di ffer.
It woul d al so be ni ce to have a m odelwhi ch coul d incorporate dynam i cs ofboth IPV and
O PV vaccinati ons.A very good opti m alcontrolprobl em could then be setup to opti m ally
choose whatpercentage ofthe popul ati on shoul d be vacci nated wi th IPV and whatpercent
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shoul d be vacci nated wi th O PV (gi ven the associ ated costsand benefitsofeach vacci ne).
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