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1 htoducdct on

Pdiom ydit sischaacei  zed byf evem oorpaal yd sand aiophy ofe eamusd es@aue
flaod d paal yda SAFP)Thea  pplingvi ushasdi sabl ed neat y 20 m illion peopl elivi ng bday
[11] . Soon,how everti sviuswi llnol ongerhutourchi  lden.Si noeisaesi  onin 1988he
GlobalPd ioEldi cai on hi t af vehashd ped autheg obatl lofpd o paal ys sfiom an
ed maed 350, 000 bf everhan 5001 n 2001 [ 11].Af &rbe ng deem ed eadi caied,pal o will
beomethesond vi wsb haeben eadi cked f om hewot d hpefidbae  ng analpox
in 1980 [ 10]) The goalofpd 10 eadi cai on hasbeen m ei n m od pas ofte wot dwHO
deemed he Ameai casPdiofeei n 1994 [ 11]and he 51 aount esepeent ng be EURO
kg onweeaoat fied pd io-fieei n June 2002 [ 1])and each county hathasad f znsaulé ng
fom bedi saxehasbeen g venapl anofad onforeadi ci on [1].

Thee ae tvo ma n vaad nes hat ae usd b bui Id be human i m mune sysem : odl
pdioviusvaad ne and inad vaed pd ioviusvaad ne OPV,asi & nam e uggess an be
adminiseed oal  ly@ berasadopi  nb hem ouh,oron a sugar pi [I. T he bendfis ofhi S
vad neaetbati tdoesnotequi eat ned mediadlf ohei mmuriat on ofpeopl €
nordoesi tequi e leinjed onequipmentThema noodofus nghi svaad nai onishat
itisagai noff iwvi ushenehoeg venhi svaad neenrani  nfed oussegeand hee
isan kofuld ng he consequences of onted ng poliowhenusngitPV i sa‘dead”
fom ofhevi wshenceheei  snoir sk ofcontad ng polioflom tevaad nehowevei tis
notoompl ed yeled veOnl yafied onofhosewhoesd vehi svacd nebexomecmpled y

im m une w heeas ohes entr a shge ofieduced susoept biliy pencecan 4 llooniad he
wild-gai n ofpd ioviug Thi svaad ne can onl y be adm inigeed tiough an i njed on.Thi s
ceaesheneed f o ned m edicasalland he use of aige am ount of leinjed on

equi pm ent@vhi dh i sby no m eansi nexpens ve)[ 11].
Them ain m ehod by whi dhdevd opingoount  esvaad naetepopul ai onisbyogani zng
nat onali mm uneai on days(N D 9 T hese days ale ogani zed by m any goupsi  nenai  onal
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ogani zai onspnecoul d seheghedul eofnal onali m muneai on daysf oreach county by
vist ng<hp: /www. unicef.ogpd iohi dshed. hm >)Geneal  |y,hee poogam stigeta
ged ficagegoup mod  y dhi Iden)and onecoul dbevaod naed mul t plet mes
Thegoadomahemal @l lymoddingpadioisbpedi dbetanami s onofpd io.M odd s
ind uding vaad nai on dynamicsgeneal ly sk bfind smemi nimum vaadnal on ledud
hathevi wswi llbeeadi cabBd. The goalheei sbdeemi neanopt malpd ioeadi ci on
dagyf orag venoounty by ubj ed ngasem ofdi [@ent aequai  on b he heoly of
opt m alconiol

2 M ahem ai calM odel sofPol iom yelit s

O ne ofhe m oe ecentdeem i nid cm oddsaofpa iotanani s onand vaod nal on piovi des
asem ofdi eent alequalt onsforeach vacd nesgpaad y[4].Vai ousohermodd shae
addessed vaik  ous agoeds oftie anam i s on ofpad iovius Forexampl eCvj eeanovi Get .
al.ons deed an age dudued m odd[ 2].Thi swould bekey f orl ooki ng athe eléds ofa

nat onai mmuneai ondaywheeonl ythoef om achi nagebadkeaebe ngvaad naed.

21 TheOPV M odd

TheOPV moddofEi dinerand Hadd e[ 4oond des4 aub- popul ai onstef @ad on ofhe
popul ai onaurent  yusept bleghef ad onofhepopul ai onhathasbeenvacd  naid,
butaed Ili nhei nfed ve sage ()jhef ed on ofhe popul ai on hathasbeeni nfeded
by wild pdioviusfv)and bef d on ofbhepopul ai on hathasbetomei mmune ) h
hi sm odd ,he auhosassum e a consantpopul al on,and hencehebi th = deah ik

= W.Themoddi sasfadlows

S = @-pu-PB wowv - Bysv-us @
Vo= pht Bysv-ywWo v @
W = [BySV = yuW - pw ©)
r = YwW + W= r @)
whee pishe onsntf 1ad on ofnew bi hs hat ae vaa naed e auhos asum e
vaad nal onatbi h)pui  sboh bebi h and deah &k ofhe popul a onf3, andp, aete
infed oneeshatsomeonei  npopulai onvandw fep. )oonbdsandi  nfessauspt  ble
individual,and y , and y,, ae he ecovey ks of popul aaonvandw ep. ) ti sof
inees b noe hatg newe have a onsgantpopul  al on wehavehef olowing @ ai ondhi p:

s+ v+ w+r= 1lhen;ewenesd onl yoons derhe3di m endonals/sem ofvw )
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Falowing he anal ys s of Ei cinerand Hadd e on bi s modd, we can find he bas ¢
epodud  venumbesR , andR, Oofbevandw popul ai onsfep. )Thebas cepodud e
num berdeem i neshenum berofpeopl  ethatwi llbei nfeded by an aveagei  nfeded pason.
fR w= 1lbhevi wsi sendemichhi s@xewehae

Bv

R, =
Yowtu o
Bw
Ry = .
Yoyt p 0
h geneal ,R,, and R, ae geatr han one hus he di e i sendemic and henei ti s

equi ed hatweusevadd nal onsbf oehesyem i nbavi us feeequi libi um Eruni n-
feded) Theuni  nfeced equi libi um can by found by st ngw = Oand < ving for sand v
bys# ngs=0and v=0.Fom hi swefind

—_ R+1 1 2 1
_ HaL- 9
VvV = :
H+ Yy 9
Howeve,d ne we asum e hatwe ae notyeton an uni nfeced equi libi um B edoy,we
2l ve he vw) sy  f orequi libr um and find
~ 1
S = R., )
v = (L RRW—RI; (10
i’ o v oR2 O
w = — Ry,-1- W 1
BW v Rw_ Rv a)

Notdng hatboh © vand W aefund onsofpwecan s~ w = Oand O vefohea ta&

vauep= p“hatwoul dfoeewfd- O.W efind
0 1 L] R 1l
U= - _— - v
p 1 R, 1 R,

hencef oral Ip> p “theuni nfeded equi libi um becom eslocal ly bl e poved i n [4])

@

2.1.1 OPV Smulai ons

Eichnerand Hadd e di d noti ndude any numei cald mulai onswih hi smodd,butdi d
povi depaam eerval  uesforan abi tay devd  opi ng county e Bl eatendofed  onfor
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paam eerval uesused) Taki ng hexzpaamesrvad  ueswe@nueMat ab'sode s vesb
smubeehe reul sByed nghesem wi hbohhed [andnon- 4 (B0 vesdelss
and oded5,ep. ,wihanabs ueand € ai veeorl eane le- 10)we find hat he
non-d4 [kl veri smoeeld etand hen,econd udetbtathi sisanon-4 [sEm.

By aubd i ng he val ues ofte paiam ebs i no hebas cepodud venumbesR
and Ry)and a t calvacd nat on levdp “)we se hat

R, = 29
Ry = 11.98
p° = 0.6877.

Thegenedldynami csofhesyem i nheabsneohvacd nal onp= Ocanbeseni nfigue
LAnineed ngqued onisofhedynami csofhi ssgem wheni nauld entvaodd nai on

p=0=>{0.0837, 0. 0.0017. 0.9145)

0 .
0 5 0w o5 20 2% N0 B4 4
time

Figue 1. OPV moddin he abencee ofvacd  nai on.

istki ng place Thedynami cofhemoddwhen p= 0. 1can bevi eved in figue 2 W hen

westp=p “wesehaw - 0 &= figue 3)hove hi shappensd ai vly qui Yy,
and leadsonebqued onthequant & vereul sofhi ssem.w onl yeadheszoi nhe
limthovevers nceweaeded ingwibh afini €popul ai onwhenw i sula ent ygnall,i t
williepesnt a popul al on gz ofl esthan one pason,tusthei nfeced popul ai on would
beded Wy ze0.



p=0.1=>{0.0872. 0.0002, 0.0012. 0.9114)
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Figue3. OPV moddwih p= p "= 0.6877



| paiem eer | val ue |

M 1/45
Bv 36
Bw 144
Yv 12
Yw 12

2.2 The PV M odel

The PV moddpiovi ded by Ei dinerand Hadd e[ 4 cons  des five sub- popul ai ons ofa
ongantpopul  a on. Thef ad on ofhepopul at on hathasnotbeen vaad naed ori  nfeced
ishe“oi ginal” usept ble popul a on,s o. Thef ad on ofte popul at on hat has been
vaad nakd, but ae not com pl ed yimmunedueb hei nded venesaofhe PV vaa ne,
is he educed usEpt biliy popul a on @sumed b be homogenougs ;. Thef ad on
ofhe popul at on hat has contaded e wi |d-paliovi us and was never vaad naed, ae
he‘oi gina”infeldsw . Thef ad on ofhe popul ai on hat has contaced he wi Id-
poioviusaf erhavi ngbeenvacd naed aei ndasw ;. Thoewhohaega nedfulli mmuny
bhepd ioviusaei nheemoved popul a onrrThemoddi sasfodlowvs

So = He-pP- P o+ gwiBo— HSo 3

St = pe-ap-PBWw o+ gwifs 1 - ps; a4

Wo = B(’Vo"'ng)So—@ﬁH)’Vﬁ ()

Wi = BWo+ gwifs 1- %"‘H W1 16)

0 W1D

f=y Wo+ 4= — pr+ pap @7
A gain, be auhos asum e a consant popul ai on with bi h e = deah & = p,and
hataf ad on p ofhenev bi hsaevacd nakd butdue b he i need venes ofhe
vadd neonl y afied on a ofthee ener e iem oved popul al on. Theoi ginal”i nfeded

popul af on v o) willi nfedthe “of gina” usept  ble popul a on € ) at a ek B, but he
infed viyy ofhevaocd  naed i nfeded popul af on (v 1)i Sieduced by af adrgQ0< g< 1)
and he .uxept  biliy ofhevacd  naed uopt  blepopul at on by afadrf,0< f< 1
The ‘oi gina” i nfeded popul ai on willlewover at a iae y, but vaad nai on inceasss he
eovey e by af adr & O0<hs< 1)

Sim larb abovewe can find he bad cepodud  venumbesR ( and R;,ofhew ( and



w; popul a onsfexp. ) and find

B
Ro = 8
T y+u 1)
_ _PBfg
Ry = 19
W enoeaga nthati ngened ,boh R ( and R, ae boh geatrhian 1,hence he vi usi s

endemic W e an find be uni  nfeded equi libi um by s ngwg = w; = 0and 9 ving he
s/ f or( s, S1) ok hats ncewe hae a onsantpopul  af onspo+ S;+ W+ wy+r= 1,
huswenesd onl yoons dehesem 6 (S 1w oW 1) W efind heuni  nfeced equi libi um
b be

So = 1-p 2y
st = (- ap. e
Sineiti sasum ed hatwe ae natyeton a g ecby bwad he uni nfeced equi libi um,

Eidhhnerand Hadd epoethepopos 1t onhatatavaod nal onlevdpbebas ¢ epoduc
fonnumbefobhevi wsi SREP=R - Ro— @- aR p.Gi venhathi siste e

paperf orpoojwe can &R )= 1 and <l veforheda ftclva uep= pYdc hatf ord |
p> p“heawmagei nfeced peooni sinfed ng lesshan one oher pason, hence he vi s
willdi e out T hey find 0 0
1 Ruw
pi= 1- — @)

2.2.1 PV Simulai ons

Forthe sysem offive di Bent alequai onsepesnt ng PV vaad nal on dynamicswe use
M atab bi negae he equa onswithhbohad [and non- 9 [0l ver podelSs and odeds,
ep. )wihheabsdl ueandd a ved eance b le— 10 paam eerval uescan bef ound
abeend ofhi  ssd on)tda ) ugbenoed hathe sy wasm oe ela entwi th he
non-d4 [kl verand hencei  ti sasumed hathi  sisanon- 4 [s/<em.

Aferaibd Ui ngpaam eerval uesforanabi @y devd opingoounty ¢ oundin [4]land
lised bd ow)wefindhebas cepodud venumbesanda 1 cavacd nai onlevdasf dlowvs

Ro = 1198
R, = 119
p” = 0.98%.



tshoul d be noed hathe va ueforp Yisvey hi gh,butnotuneal  id cally 0.Forexampl
in Bosi a,f or he fid tiee boosess of Pol i0 vaad ne 99 peaant of chi Iden eca  ved he
fig dose by he age of12 m onhsand hi sonly ded inesb 96 pecentby he hi d doe[ 1],
husvaad nal ngathe 98. 56% Bspod ble

h he absence ofvaad nat onjbeei sagainog llai onsinthets) edi esofhepopul &
t ons Eee figue 4) Athe 10% vaad nat on levd ,wese o llai onsaga n,buthei nfeded

p=0=>(0.0837. 0. 0.0017. 0. 0.0146)
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Figue4: PV moddi ntheabsneofvacd nai on o= 0)

popul af onsst eatal overl edefigue 5)W henp=p U= 0.98%6,wesehaw and
w; appoach z0d  af vy quiddy Gefigue6) Thi  saga n indicaes hathe m oddm ay
beinuuld entd nceiti sunlikdyhatvacd nai nghenew bi hswi lleadi caepd iofad
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IPV p=0 == {0.0826,0.0117.0.0016.0)
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critical p=0.986 == (0.0002.0.012.0,0.0.9877)
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Figue6. PV moddwi hp=p "= 0.98%



3 OptimalContol

h he 1950sL.S. P ontyagi nand atam ofmahemal dansdevd oped whati scl led he
m axmum pind ple, whi ch gives equi valentieul s 0 he pobl  em s addiessed under he
das @@l alusohvai al onsbuti sa o cpabl e ofhandl ing sudh bi ngsascondai  nson
dei vai vesoff und onsfvhi dhisusf uli n exonomicswhee neti nvedn entand podud  on
eesaenonnegal ve)[ 7).

h geneal ,evay opt  m alconiolpiobl em equi ies a & of Bk vai ables k@ whose
dynamicsae deemi ned by a stofdi  [@ent aequat ons(ddtﬁ = fik) The goalof
opt m al contol heowy i segul ake one or m oe ofhe sk vai ablesby dei ving a &t of
onolf  und onsu@whi  dh aei nopoaed i nb he syem ofdi Bent alequai  ons
Thee conolf  und ons ae b be choen uch hat he Bk | soonol led opt maly. To
do hi swefigneed a quanti &f ve way ofmeasui ng he sk and “cod’ of ug ng he
onol . Wedo hi sby esbl ihing an obj ed ve fund onal, J&u@) whi d isb be
mnim izd 2ubj edbheg venondai  nsofhe B var ables Si neehi stheoy wasfid
appl ied wihi n he coneext ofeconom | cshi sobjed vefund onali sal 0 known aste “ood
fund on”.

3.1 Opimaly Contol lingheOPV M odel

Ourgodi sbdi vevandw bzoopt maly. Theonl ycom ponentofhe sy/fem hatwe
a@an conoli shevaad nai on led ,phuscons  derourconolp = pd W e hen have as

ourysem :

S = Q-plu-B ww-Bsv-ps )
V= plu+t P V- YW pv @4
W = BySW = yuW — W @)
r = Y wW + WW— ur Q6)
Condderbe odf und on:
O,
o[ %Av2+ %vazdt e

to

whee A and B aewe ghted paam et es
W e hen mudcondudhe Ham i loni an,H @sdesai  bed by Kamien and Scwaizi n

[7:

H ::—ZLAv2+ %BV\F+)\13'+ AoV+ NaW + Agr %3
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wheeeath A j,i= 1.4 < dy hef dlovingosseequal  ons

M= T MBuw + BYVE = A BV AsBuw @9
: dH

A, = o vl —AV+ ABys— A2BvS— Vv = W)= A ayy &0)
: dH

Asz—m = —BW+)\18VS_)\3@WS_ yW_u)_)\4yW 61)
: dH

)\4— _W - —)\4E 62)

Pontyagg n'sM aximum Pindplesseshati  nodef op™pbeopt  maliti sneces
sy hatH beatami nimum ap-§hence we m ughave

dH
d—p:7\1H_)\2H: 0. €S

Sinceheder vai veisnotaf und on ofpwehae can onl y have albangbang o ut on
( .e be conolwi lled berbeati ®maxi mum ormnimum) Sineewe mudf oce "a—*;' =
Op™=p maWhenp@ ;- Az)< Oandp 9= Owhen ud  1- Az)> OAtUQ  1-A2)=0
weddinep™= 0. 5bewvenp mi and Pm ax

W ehen mudi m poetansesal iy oondi 1 onson e cose vai ablesbm aketi  spiob-
lem wd-posd. T hetansesal iyoondi T ons@sout inedin[7])aeasf olovsQ 1¢:)A 26+ 3t at+)
0110 6 newewanthevacd naed and i nfeded popul ai onsb end bwad ze0,and
heema ning tvo popul a onsaef ke atthe finalt m € Si nce we havei nit aloondi 1 ons
forhe sk vai ablesand emi naloondi 1 ons on he cose vai ablesbutmudsd wvehe
ent e yyEM  over he ent et menevald mulneoud y,we have a tvo- pont boundayy
val uepobl en TPBVP)IdhoebuseNevdn smehodbl veheTPBVP,andweda |
disus Newbn smehod i n moedea Ipest y. Leag= A o = AQ) be he paam eer
et ngbhestofi  nit aloondi 1 onsf orhe cosae equat onsand | &G beam ap uct
hatGQ)= AT )- A ©,wheel . ishedes edemi naval ue ofte cosk equal ons{ n
hi saeA ., = 0110)Ourgadli sbfind g uch hatGQ)= 0.To find uch aq,we
condudasquenceq .1 = g,—J@ ) 1G@Q,)wheeldq ,) lishei nveecdfhedaccbi  an
mat x deemi ned fom hevai ationalequat ion $% = 2% = IKuGW i ti n te
aonextofa com putr plogam ,one em i naeshe squenewhen G ,)isuld et ydoe
b 0.

Theel sofhed mukt onisin figue 7. | have choen p max = 0.99nehai sa
keal id cgoalf orasi esofNDswhi  d he bang bang <ol ut on ssem s b epeent O ne
willnoi e hathetq edby ofhei  nfeced popul a on doesnotssem bdevi aef om bhat
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ofbepevi ousmodd. Thi sisineed ng because underheopt mavaad nai onswe ae
notconsant  y vaad nal ng (vhi chisnotal waysposs blein devd oping couni  esdue b he
inufd entsallequi .ed f orsuch goal sbuti ti spos bleb bui Id up he equi . ed num ber
ofvol uneasf orND39

optimal erradication of poliomyelitis with QPY

— sus
— vace
— wild
— rem |]

reentage of population

0 ! . I
0 01 02 03 04 05 06 07 0B 09 1
time

Figue 7. opt mavaadd nai onsforOPV m odd

3.2 Opimaly Contol linghe PV M odel

hhi ssed onweappl yhesameopt m alonioheoy oftie pevi oused onbhePV
m odd. Real Ihat he st of Bk equat onsae asf olows
So = MA-ph-Bw o+ gWiBo— HSo 4
St = pe- apd- B o+ gwifs 1 — Us; )
Wo = B(’Vo"‘ng)So‘@ﬁH)Nﬁ €5)
W= P gms 1= e w &
: w.
f= Y Wo+ o= - pr+ papp ®)

Ourgaai sbhi ngtei nfeded popul ai onsb zeo,and ouronl yoonoli  svacd nat on.
Wesskofindbhef und onpd= p “phatwi Ilbi ng hei nfeced popul af onsb z0

12



opit maly.hl inewihbeypi alopi m aooniolheoy out ined abovewe shal lesbl ish
an objed vefund on hatquani fieshe codofhe vi uswhi ch wewillminimize Cons de
hef dlowing asoutobj ed vefund onal:

Hu 1 1
J= EAWO + EB Wldt 69)

to
W e can hen condudourHam i Ioni an based on he heoy ofK am i en and Sdwaiz[ 7]:
H :%Awg+%|3w§— A X @0)

wheewedenoe 6 oS 1W oW 1D)ask 1X 2X 3X 4X 5)= X and define \ ashe stofcosae
vai ableswhich sai §y hef dlowing dil@ent aequai ons

: dH
A= TaG AMBK 3+ gXa)+ W)= A 3Pk 3+ OX4) @é1)
: dH
)\2=‘dx—2 = AB& s+ gxaf— W- A 4Bk 3+ gXaf @2
: dH
)\3:—&3 = MBXe+ ABX 2= AB- G+ H)- A 4B Asy @3
: dH
Ay = TaG A1Bgxs + A2BgfX 2 = AsBoXs @4
O O
-~ N Bgix 1= L-p - Ias @
: dH
As = T AsH. €o)
One necessaly condi f on foran opt malp™i shatheHami loni an be ongantwi  h
ieped b he conolat he opt m um ,hence
aH
d—p=—u0\1—a7\z)o= 0. @7

Sincetedar vai veotheHami lbni anwih epedbpi  snotaf und on ofpwehaeonl y
a bang- bang <ol ut on,hencewewi Ilj umpfom pnn DPp max adi EET mMes

Theesul sofhi  ssmuki on can bef ound i n figue 8. Ichoe b ue p max = 0.9 agai n,
dnethi sisaweanabl egoal .Noi ceinthi sasebhatbhe va nat onsae onsdntf  orhe
fig0. 3 ofhe yearand z=20 pad hat T hi sindicaeshata tough ahi ghervaad nai on
levd over he ent e pal od isequi ed b guaanee eadi i on, | eseadi i on for an
opi maamountoff mecn adwdi vehei nfeded popul al on bwad z=0.
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optimal vaccinations == (0.014674, 0.0014862,1.4528e-005. 3.1121e-008)
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Figue 8. opt malvacd nat onsforPV m ode

4 Condugon

Forhi spoj edlsaed outon a qued b opt maly eadi cak pad io. Al ong te way;, |
found he m odd sthatlwas oon b abj et b he heoly of opt malonol . Upon doi ng
,lwasabl ebde veheabdadf om forheopt malvacd nal on dagy f orany gi ven
county,and hence devd opaqua iei veundesandi ngofheid al onship betveenopt ma
vaad nai on and he mahemai <« Howevre;s nce be sysem was mul  t -dim engonaland
nonl inear,hee was no way b <l ve hetvo- pointbounday val ue pobl em analyt clly. |
washed oeequi ed baibj] edhi sabdads/eem b Newon’ smehod f oranumei cl
appioxi maton. Thankf ully lwasabl ebgeeNewvbn’” sm ehod b convege lam awae hat
hi sisnotal wayshe cae

Asa way off uhai ng ti sesad,i twould awaysb beni &b epar mentwih
vai ousohef omsofheobj ed vefund onal .W iheachdi [@entobj ed vefund onal ,one
willachi ered ight y dil@entieul  sand hencei  twoul d bewohwhi leb epair mentwih
vai ousoherf om s Forexam pl eldoe b use a quadied cfom fortepopul at onsthat
Iwasseeki ngobminimizebuti twoul dbeineed ngbsehow al inearf om would dile:
twoul d a0 beni e bhaveamoddwhi  coul d incopoae dynami  csofboh PV and
OPV vaainai ons A vay good opi  m alconiolpiobl em could hen be sstup D opt m aly
doose w hat paceniage ofhe popul al on shoul d bevaad naed wi b PV and w hat pecent
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shoul d bevaad naed wi h OPV @ ven heassod  aked coss and bendfis ofeach vaad ne)
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