
Brian C. Young
Math 164 – Scientific Computing

Fractal Patterns Emergent from the Three-Body Problem

The Three-Body Problem
In Newtonian gravitational mechanics, the movement of large bodies is governed

by their gravitational effect upon each other.  In a free system of bodies, any pair of
bodies of masses M1 and M2, separated by a distance d, exert an attractive force on each
other of magnitude:
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Here g is the gravitational constant, 6.67 � 10 �

11 N � m2 � kg2 , although for the
unitless systems used, g is taken to be 1 for simplicity.  Therefore, the behavior of a
system of n bodies with positions x1 , x2 , � , xn  and masses m1 ,m2 , � ,mn , is
governed by:
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If the radii of the bodies are negligible compared to the distance between them, and there
are only two bodies in the system, those two bodies will settle into elliptical paths that
can be described in the closed form.  This result holds even in three dimensions, as some
inertial reference frame can be found wherein the two bodies are moving in the same
plane, and their mutual center of gravity is stationary, and solutions have even been found
in general relativistic mechanics (Mann, Robbins, and Ohta, 1999).

However, once a third body is added, there is no longer any guarantee that a
closed solution can be found – indeed, Newton himself theorized this limitation, writing
in Principia, “An exact solution exceeds, if I am not mistaken, the force of any human
mind.” (qtd. in Krizek, 1995)  It has been found (Zapolsky, 1981) that if one body is of
negligible mass compared to the other two, or if two are negligible to the third, then a
solution exists in the form of a convergent series; alternately, if the motions of all bodies
are restricted to the plane, solutions can also be generated (Kenyon, 1999).  However,
Newton’s hypothesis has withstood the test of time.

A Stable Three-Body System
Although there is no closed-form solution for the general three-body problem,

certain restricted cases can be constructed with predictable analytic behavior.  For
instance, by restricting all motion to the plane, the size of the problem is reduced, and
equations for circular motion can be used.  It is known that to hold a body of mass m in a



circular path of radius r with velocity v, a constant force must be applied toward the
center of the circle, of magnitude:
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By arranging three bodies at the points of an equilateral triangle, and giving them initial
velocity tangent to the circle described, their velocities can be chosen so that the force
exerted on each body by the other two is exactly equal to the force required to hold a
circular orbit.

Figure 1: The initial conditions of a stable three-body system.  The mass of each body is
3 .

Determining Robustness of a Solver
Although this set of exact initial conditions gives theoretically stable solutions,

the system is not robust, and is sensitive to even small perturbations.  Relevantly, when
3  can only be computed and stored to finite precision, that perturbation is sufficient to

introduce an instability into the system which will eventually cause degeneration.  To
determine which solver of those available (all calculations were performed in MatLab
6.5) would give the most stable results, a routine was written which would numerically
solve the three-body problem with the initial conditions of the system described in Figure
1 (MatLab code for the solver, threebody.m and diff3body.m, is included in appendix A;
also included is an accessory function, vectabs.m).  The system was reduced from a
second-order system of three vectors in 


2  to a first-order system of twelve vaiables,
such that MatLab’s ODE solvers could use it, and allowed to run.  The stability of the
solvers was determined by how many time steps each could run before the solution
diverges from the expected circular path.  Of the three ODE solvers used (ode23, ode45,



and ode15s), the midpoint Runge-Kutta algorithm lasted the longest.  When the ode45
solver diverged at about t = 40, ode23 remained circular until after t = 50.  Oddly, the stiff
system solver, ode15s, diverged faster than the others, at t = 25.

Generating the Fractals
The fractals are generated by assigning each of the bodies a color, and introducing

a fourth body of negligible mass into the system, at rest at some initial point x0 , y0 .
Since the fourth body has too little mass to affect the paths of the other three bodies, their
motion is reduced to pure circular motion, given by:
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With this closed solution, the motion of the fourth body was calculated with a
variable timestep midpoint Runge-Kutta solver, and the system was run until one of the
following conditions was met:

1. The solver passed a set maximum time.
2. The fourth body was determined to have reached escape velocity.
3. The fourth body passed within a set minimum distance of another body.
Each initial point was assigned a color corresponding to the condition that

finished the run: Condition 1 points are black, condition 2 points are white, and condition
3 points are the color of the body with which the fourth body is said to have collided.
Code for the functions used, drop3body.m and plot3body.m, is also provided in Appendix
A.



Figure 2: The full generated fractal, with a precision of .1 and a maximum time parameter
of 40.

Analysis
The initial assumption was that the fractal generated would be similar to a

Newton’s Method fractal (Epureanu and Greenside, 1998): that is, to cross from a region
of one color into a region of another color, a third color must be crossed.  However, this
method introduces a confounding factor that is not found in a Newton’s Method fractal,
that some points will not have a color associated with them.  In the gravitational analogue
to this system, these are the points where the fourth body passes near enough to one of
the other three that it is ‘slingshot’ past escape velocity.  It is thus theoretically possible
for a color region to be bordered directly by a white region, with no interposing region to
cross.  However, on zooming in on different regions, this behavior is not entirely
apparent.  Instead, to the closest possible precision calculated, there appear to be places
where different-colored regions do border directly.  This anomaly is probably an artifact
of the distance at which a collision is detected.  Given a collision distance of .1 (the value



used for all figures given), it is possible that if the fourth body passes a body at a distance
of .1 � � , its path is bent to collide directly with a second body, but if it passes any
closer, a collision is detected.

 

Figure 3: Higher-resolution zoom of the �

1,0.25 � 1,2  region, and smaller regions,
as indicated by boxes.  Emergent fractal pattern is apparent, as well as the border
anomaly.

The fractal properties of these images are apparent in Figure 3.  Although the
scale of each picture is different, each one shows the same pattern: a narrow band of red
extending upward from the main band, bordered above and below by different-colored
regions, but the borders are not well-defined.



Figure 4: A closer view of a region where border behavior is clean and well-defined.

As is clear from Figure 4, there are regions where the figures generated do not
behave as a true fractal.  The border shown, between a red region and a white escape-
velocity region, has no interposing other region; closing in on a region as small as
possible given computing precision has demonstrated this.

Extensions
The method used in the generation of these fractals depended on having an

analytic, time-dependent solution for the system before introducing the third body.  Even
with time-dependent position values for the three massive bodies, a figure at a resolution
of 320 by 240 points can take anywhere from ten to fifteen hours to compute on a



Pentium 4, 1.80 GHz processor.  Since the solver used a variable timestep method,
simply having vectors of time values and position values for the three massive bodies
would not be sufficient data to calculate the path of the fourth.  Since their position data
may conceivably be needed at any value of t down to the highest precision supported, and
at slightly different times for each run, the trajectories of the first three bodies would need
to be recalculated for each run, quadrupling the already-extravagant computing time of
the fractals.

When run on a two-body system, the fractal patterns evident in the three-body
system disappear, as there is no longer any third region that can interpose between two
adjacent colors.  This effect is similar to that of a Newton’s Method fractal with only two
roots.  The method is also theoretically applicable to systems of four or more bodies, with
a corresponding increase in complexity of the necessary stable system, and a similar
increase in calculation time.  Due to limitations on available computing power, the author
has not tested such systems.

The graphical output of the code can also be modified to reflect not only the body
eventually collided with, but also the time required to reach that body.  Some examples of
this output are given, but since most of the points in any given region finish in
approximately the same time, further work is required to make this output more useful.

The plotting algorithm, since it calculates each point independently of any other
points, lends itself strongly to parallelism.  A program was written, using the MPI
protocols in C, to compute the fractal and output data that can then be deciphered by
MatLab to display the fractal.  That code, operable on a Beowulf cluster of arbitrary size
(so long as there are fewer nodes than there are points to compute), is included in
appendix B; however, the code as provided here functions only for very small cases.
More work is needed on making the MPI code fully functional.

As the precision of the fractal is brought closer to zero, the fractal changes subtly,
making regions of each color smaller, and increasing the size of the white escape-velocity
regions.  Figure 5 is a low-resolution example of this.

Figure 5: Low-resolution images of the fractal with precisions of 0.05, 0.008, and 0.001.
All other images in this document use precision 0.1.

This suggests the possibility of a different method of color assignment.  Rather
than a set minimum collision distance halting the drop, each drop can be run to a set
maximum time, halting only if escape velocity is detected.  The run would record each
close pass to one of the attracting bodies, and at the end of the run, the color assigned
would be the body to which it passed closest.  However, without the guarantee of
termination in a fairly short time for most points, and the slightly more calculations
required, this method would also be slower than the method used, and so has not been
implemented or tested.



Application
Consider the problem facing aeronautical engineers planning to send a probe to a

satellite of a distant planet, for example, a moon of Jupiter.  To conserve space, mass, and
cost, the probe must carry as little fuel as possible to its destination, to use in final course
corrections; hence, the flight path of the probe must take full advantage of gravitation to
guide it close to its target.  However, note that, as the initial position of the probe (the
fourth body introduced) moves very much beyond the radius of the bodies’ orbit, the
eventual destination of the probe becomes increasingly chaotic with respect to its initial
position.  Add to that the effect of initial velocity, and the task of guiding an
interplanetary probe becomes increasingly complicated, extremely sensitive to slight
perturbations.  Figure 6 demonstrates exactly this problem.  Only the regions from where
the body eventually collides with the red body are shown.  At any significant distance
from the three bodies, a difference in initial position of even .01 can change the
destination unpredictably.

Figure 6: Regions from which the fourth body eventually collides with the red body.

Appendix A: MatLab code

% threebody.m
% 
% Takes initial positions and velocities for three gravitational bodies
% in the plane, as three column vectors, as well as their masses.
%
% Creates a (1 x tmax) time vector t, as well as six (2 x tmax) position



% vectors, x1, x2 and x3, and velocity vectors v1, v2 and v3.

m1 = sqrt(3);
m2 = sqrt(3);
m3 = sqrt(3);

x1 = [ 0  ;
       1 ];
x2 = [ cos(7*pi / 6)  ;
       sin(7*pi / 6) ];
x3 = [ cos(11*pi / 6)  ;
       sin(11*pi / 6) ];

v1 = [ -1  ;
        0 ];
v2 = [ -sin(7*pi / 6)  ;
        cos(7*pi / 6) ];
v3 = [ -sin(11*pi / 6)  ;
        cos(11*pi / 6) ];

y0 = [x1; x2; x3; v1; v2; v3];
tspan = [0  45];

% keeps near circular until at least 40
% red body ejected
[t, Y] = ode23(@diff3body, tspan, y0);

% planets get closer over time
% blue body ejected
% [t, Y] = ode45(@diff3body, tspan, y0);

% green body ejected, sooner than others
% control loss about t=25
% [t, Y] = ode15s(@diff3body, tspan, y0);

t = t';

x1 = [ Y(:,1) Y(:,2) ]';
x2 = [ Y(:,3) Y(:,4) ]';
x3 = [ Y(:,5) Y(:,6) ]';
v1 = [ Y(:,7) Y(:,8) ]';
v2 = [ Y(:,9) Y(:,10) ]';
v3 = [ Y(:,11) Y(:,12) ]';

clear Y;
clear y0;

plot( x1(1,:), x1(2,:), x2(1,:), x2(2,:), x3(1,:), x3(2,:));

function yprime = diff3body(t, y)
% diff3body.m
% Differential equation for the 3-body problem, reduced to a first-order
% system of twelve elements.

m1 = sqrt(3);
m2 = sqrt(3);
m3 = sqrt(3);

xx1 = [ y(1)  
        y(2) ];



xx2 = [ y(3)  
        y(4) ];
xx3 = [ y(5)  
        y(6) ];
vv1 = [ y(7)  
        y(8) ];
vv2 = [ y(9)  
        y(10)];
vv3 = [ y(11) 
        y(12)];

x1prime = m2 * (xx2 - xx1) * (vectabs(xx2 - xx1)) ^ -3 + ...
          m3 * (xx3 - xx1) * (vectabs(xx3 - xx1)) ^ -3 ;
x2prime = m1 * (xx1 - xx2) * (vectabs(xx1 - xx2)) ^ -3 + ...
          m3 * (xx3 - xx2) * (vectabs(xx3 - xx2)) ^ -3 ;
x3prime = m1 * (xx1 - xx3) * (vectabs(xx1 - xx3)) ^ -3 + ...
          m2 * (xx2 - xx3) * (vectabs(xx2 - xx3)) ^ -3 ;

yprime = [ vv1      
           vv2      
           vv3      
           x1prime  
           x2prime  
           x3prime ];

function len = vectabs(x)
% vectabs.m
% takes a row vector and returns its Pythagorean
% magnitude

len = sum(x .^ 2);

len = sqrt(len);

function [hit, t] = drop3body(x0, y0, prec, tmax)
% drop3body.m
%
% Inserts a fourth body of negligible mass into a stable three-body system
% consisting of three bodies of equal mass in a mutually circular orbit.
%
% Bodies 1, 2, and 3 are orbiting each other counterclockwise on the unit
% circle, with period pi.  Returns the index of the body with which the new
% body collides, as well as the time of collision.
%
% Returns 0 if no collision occurs within 0 < t < tmax,
% returns 8 if the body achieves escape velocity.
%
% USAGE:
%   [hit, t] = drop3body(x0, y0, prec)
%     x0, y0 : initial position of the fourth body
%       prec : lower bound for distance to collision
%              returns an error if prec = 0
%
% Experimenting with three- and four-body simulations determined that a
% midpoint Runge-Kutta integrator was stable to longest time, so this
% routine uses a midpoint Runge-Kutta algorithm with variable timestep.

if (prec == 0)
    error(©DROP3BODY:zeroprec©, ©Error: Precision cannot be zero©)
end



x = [ x0; y0];
v = [ 0; 0];
t = 0;

x1 = [ -sin(t); cos(t)];
x2 = [ -sin(t + 2 * pi/3); cos(t + 2 * pi/3)];
x3 = [ -sin(t - 2 * pi/3); cos(t - 2 * pi/3)];

dist = min([ vectabs(x-x1), vectabs(x-x2), vectabs(x-x3)]);

while (dist > prec && t < tmax)
    dt = -.01/(dist + 1) + .01;
    
    xmid = x + v * dt/2;
    x1mid = [ -sin(t + dt/2); cos(t + dt/2)];
    x2mid = [ -sin(t + dt/2 + 2 * pi/3); cos(t + dt/2 + 2 * pi/3)];
    x3mid = [ -sin(t + dt/2 - 2 * pi/3); cos(t + dt/2 - 2 * pi/3)];
    
    a = (x1mid - xmid) * (vectabs(x1mid - xmid)) ^ -3 + ...
        (x2mid - xmid) * (vectabs(x2mid - xmid)) ^ -3 + ...
        (x3mid - xmid) * (vectabs(x3mid - xmid)) ^ -3;
    v = v + dt * a;
    x = x + dt * v;
    t = t + dt;
    
    x1 = [ -sin(t); cos(t)];
    x2 = [ -sin(t + 2 * pi/3); cos(t + 2 * pi/3)];
    x3 = [ -sin(t - 2 * pi/3); cos(t - 2 * pi/3)];

    dist = min([vectabs(x-x1), vectabs(x-x2), vectabs(x-x3)]);
    
    if (t > tmax)
        hit = 0;
        return
    elseif (sum(v .* x) / vectabs(x) > sqrt(6 / dist) && dist > 3)
        hit = 8;
        return
    end
end

if (vectabs(x-x1) < prec)
    hit = 1;
elseif (vectabs(x-x2) < prec)
    hit = 2;
elseif (vectabs(x-x3) < prec)
    hit = 3;
end

return

function fract = plot3body(xmin, xmax, ymin, ymax, xres, yres, prec, tmax)
% plot3body.m
%
% Uses the drop3body function to repeatedly drop the fourth body and plots
% the fractal pattern generated.  Returns the array of collision values, and
% reports elapsed time.
%
% USAGE:
% fract = plot3body(xmin, xmax, ymin, ymax, xres, yres, prec, tmax)
%         xmin, xmax: x-axis limits



%         ymin, ymax: y-axis limits
%         xres, yres: resolutions on x and y axes
%         prec: precision passed into drop3body
%         tmax: tmax passed into drop3body
%

tic

j = 1;
for x = [xmin : (xmax - xmin) / (xres - 1) : xmax]
    i = 1;
    for y = [ymin : (ymax - ymin) / (yres - 1) : ymax]
        [hit, t] = drop3body(x, y, prec, tmax);
        fract(i, j) = uint8(hit);
        xx(i, j) = x;
        yy(i, j) = y;
        i = i + 1;
        clc; progress = ((i-1) + yres * (j-1) ) / (xres * yres)
    end
    j = j + 1;
end

hold off;

colormap( [ 0 0 0
            1 0 0
            0 1 0
            0 0 1
            1 1 0
            1 0 1
            0 1 1
            1 1 1] );
       
image([xmin  xmax], [ymin ymax], fract);
set(gca, ©yDir©, ©normal©);

toc

Appendix B: C code, MPI protocols
/*
 * drop3body.c
 *
 * Parallel implementation of the three-body drop, as described elsewhere.
 */

#include <stdio.h>
#include <string.h>
#include <math.h>
#include "mpi.h"
#include "droplimits.h"

int doDrop(double x, double y);
double vectabs(double x, double y);
double cb(double x);
double min(double a, double b, double c);
void incr(int* i, int* j);

main(int argc, char* argv[]) 



{
  int my_rank;
  int cluster_size;
  int source;
  int dest;
  const int REQ_TAG = 1;
  const int DONE_TAG = 2;
  int tag;

  MPI_Init(&argc, &argv);
  MPI_Comm_rank(MPI_COMM_WORLD, &my_rank);
  MPI_Comm_size(MPI_COMM_WORLD, &cluster_size);

  if (PREC <= 0)
  {
    printf("Error: Precision must be greater than zero.\n");
    printf("Please fix droplimits.h, and recompile.\n");
    return 1;
  }

  if (my_rank == 0)
  {
    /*
     * The master node©s routine:
     * 
     * Track which other nodes are busy
     * Start by sending each node a coordinate
     *   Those nodes will run those coordinates and return the results
     * Whenever a node returns a result, master node sends it the next 
     *   coordinate that needs running
     */
      MPI_Status status[cluster_size];
      int doneFlag[cluster_size];
      MPI_Request request[cluster_size];
      int result[XRES][YRES];
      int reqMessage[2];
      int retMessage[3];

      int i = 0;
      int j = 0;
      int node;
      int lastIn;
      int lastOut;

      // Send initial requests, open listening channels
      for (node = 1; node < cluster_size; ++node)
      {

reqMessage[0] = i;
reqMessage[1] = j;

MPI_Send(reqMessage, 2, MPI_INT, node, REQ_TAG, MPI_COMM_WORLD);

incr(&i, &j);
      }

      lastOut = 0;

      while (lastOut == 0)
      {

for (node = 1; node < cluster_size; ++node)
{
  int iret;



  int jret;
  int hitret;
  
  MPI_Recv(retMessage, 3, MPI_INT, node, REQ_TAG, MPI_COMM_WORLD,

   &status[node]);

  iret = retMessage[0];
  jret = retMessage[1];
  hitret = retMessage[2];

  result[iret][jret] = hitret; 

  // Send next request
  reqMessage[0] = i;
  reqMessage[1] = j;

  MPI_Send(reqMessage, 2, MPI_INT, node, REQ_TAG, MPI_COMM_WORLD);
  incr(&i, &j);
    
  if (j >= YRES)
  {
    lastOut = 1;
    node = cluster_size;
  }
}

      }

      /*
       * Receive final messages, and send kill signals to slave processors.
       */
      reqMessage[0] = XRES;
      reqMessage[1] = YRES;
      for (node = 1; node < cluster_size; ++node)
      {

int iret;
int jret;
int hitret;

MPI_Recv(retMessage, 3, MPI_INT, node, REQ_TAG, MPI_COMM_WORLD,
 &status[node]);

iret = retMessage[0];
jret = retMessage[1];
hitret = retMessage[2];

result[iret][jret] = hitret;

MPI_Send(reqMessage, 2, MPI_INT, node, REQ_TAG, MPI_COMM_WORLD);
      }

      // At this point the matrix has been computed

      printf("fract = [");

      for (j = 0; j < YRES; ++j)
      {

for (i = 0; i < XRES; ++i)
{
  printf("%i", result[i][j]);
  printf(" ");
}
if (j != YRES - 1)



  printf("\n         ");
      }
      printf("];\n");
  }
  else
  {
    int doneFlag = 0;
    while (doneFlag != DONE_TAG)
    {
      double x; double y;
      int i;
      int j;
      MPI_Status status;
      int reqMessage[2];
      int retMessage[3];

      tag = REQ_TAG;
      MPI_Recv(reqMessage, 2, MPI_INT, 0, tag, MPI_COMM_WORLD, &status);

      i = reqMessage[0];
      j = reqMessage[1];
      retMessage[0] = reqMessage[0];
      retMessage[1] = reqMessage[1];

      if ( (i >= XRES) || (j >= YRES) )
doneFlag = DONE_TAG;

 
      x = XMIN + i * (XMAX - XMIN) / XRES;
      y = YMIN + j * (YMAX - YMIN) / YRES;

      retMessage[2] = doDrop(x, y);

      if (doneFlag != DONE_TAG)
MPI_Send(retMessage, 3, MPI_INT, 0, REQ_TAG, MPI_COMM_WORLD);

    }
  } 
  return 0;
} 

int doDrop(double x, double y)
{
  double vx; double vy;
  double t;
  double dt;
  double x1; double y1;
  double x2; double y2;
  double x3; double y3;
  double xmid; double ymid;
  double x1mid; double y1mid;
  double x2mid; double y2mid;
  double x3mid; double y3mid;
  double ax; double ay;
  double dist;
  int done;
  const double PI = 3.1415926;
 
  vx = 0; vy = 0;
  t = 0;

  x1 = -sin(t); y1 = cos(t);



  x2 = -sin(t + 2 * PI/3); y2 = cos(t + 2 * PI/3);
  x3 = -sin(t - 2 * PI/3); y3 = cos(t - 2 * PI/3);

  dist = min(vectabs(x - x1, y - y1),
     vectabs(x - x2, y - y2),
     vectabs(x - x3, y - y3));

  done = 0;

  while (done == 0)
    {
      dt = -.01 / (dist + 1) + .01;

      xmid = x + vx * dt/2; ymid = y + vy * dt/2;
      x1mid = -sin(t + dt/2); y1mid = cos(t + dt/2);
      x2mid = -sin(t + dt/2 + 2 * PI/3); y2mid = cos(t + dt/2 + 2 * PI/3);
      x3mid = -sin(t + dt/2 - 2 * PI/3); y3mid = cos(t + dt/2 - 2 * PI/3);

      ax = (x1mid - xmid) / cb(vectabs(x1mid - xmid, y1mid - ymid)) +
    (x2mid - xmid) / cb(vectabs(x2mid - xmid, y2mid - ymid)) +
    (x3mid - xmid) / cb(vectabs(x3mid - xmid, y3mid - ymid));

      ax = (y1mid - ymid) / cb(vectabs(x1mid - xmid, y1mid - ymid)) +
    (y2mid - ymid) / cb(vectabs(x2mid - xmid, y2mid - ymid)) +
    (y3mid - ymid) / cb(vectabs(x3mid - xmid, y3mid - ymid));

      vx = vx + dt * ax; vy = vy + dt * ay;
      x = x + dt * vx; y = y + dt * vy;
      t = t + dt;

      x1 = -sin(t); y1 = cos(t);
      x2 = -sin(t + 2 * PI/3); y2 = cos(t + 2 * PI/3);
      x3 = -sin(t - 2 * PI/3); y3 = cos(t - 2 * PI/3);

      dist = min(vectabs(x - x1, y - y1),
 vectabs(x - x2, y - y2),
 vectabs(x - x3, y - y3) );

      if (t > TMAX)
  return 0;

      else if ( (((vx * x + vy * y) / vectabs(x, y)) > (sqrt(6 / dist))) 
                &&  (dist > 3) )

return 8;
      else if (dist < PREC)

{
  done = 1;
}

    }

  if (vectabs(x - x1, y - y1) < PREC)
    return 1;
  else if (vectabs(x - x2, y - y2) < PREC)
    return 2;
  else
    return 3;
}

double vectabs(double x, double y)
{
  double result;
  result = x * x + y * y;
  result = sqrt(result);
  return result;



}

double cb(double x)
{
  x = x * x * x;
  return x;
}

double min(double a, double b, double c)
{
  if (a <= b && a <= c)
    return a;
  if (b <= a && b <= c)
    return b;
  return c;
}

void incr (int* i, int* j)
{
  ++(*i);
  if (*i >= XRES)
  {
    ++(*j);
    *i = 0;
  }
}

/* 
 * droplimits.h
 * 
 * Sets the simulation parameters for the 3-body drop
 */

const double XMIN = -3;
const double XMAX = 3;

const double YMIN = -2;
const double YMAX = 2;

const int XRES = 20;
const int YRES = 15;

const double PREC = .1;
const double TMAX = 40;
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