Linearization!

Recall that for a non-linear system,

) = g(z,9), (1)

we can form the Jacobian matrix J:
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If the system of equations (1) has a fixed point (z*, y*), then we can (usually)
determine the nature of the fixed point via the eigenvalues of J evaluated at
(=%, y"):
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If all the eigenvalues have non-zero R part, the fixed point is hyperbolic.
The linearization is robust, i.e. the classification holds, for hyperbolic fixed
points. For non-hyperbolic fixed points when at least one eigenvalue has R
part = 0, further analysis is needed. Consult the copy from (Strogatz, 1994)
for a summary of the nature of fixed points in the linear case.

For You!

Exercise 1.1 For each of the following systems, find the fixed points, classify
them, sketch the neighboring trajectories, and try to fill in the rest of the
phase portrait.

() i=2—y; g=2"—4
(b) & =siny; y =x — 2*
(c)i=1+y—e % y=a3—y
(d)d=y+z—2%7=—y
(e) © =siny; y = cosz
f)i=ay-Liy=2-y

Extra! Generate phase portraits for the systems above to check your classi-
fication of the fixed points.
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Exercise 2.2 Consider the following system of equations describing the inter-
actions between kangaroos, k, and their predators p:

k= ak— Bk*—~kp
p = op—+ Akp

Find the fixed points and classify them in the following two cases: (i.) a/f <

o/A; (i) a/B < g/
Exercise 3-Challenge.® The system

T = —y—x
=z
has a linear center at (0,0) ( Verify this!) Show that it is a non-linear center.

(Note: This requires more analysis. Consult (Strogatz, 1994) if you don’t
know how to do it, but want to!)
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