JULIUS ELINSON OCTOBER 6, 2011

MATH 131 NOTES

DISCLAIMER: Please feel free to use the pdf notes and/or the provided source code. How-
ever, the accuracy of these notes is in no way guaranteed. Furthermore, please do not use these
notes instead of going to class, except in extenuating circumstances. Honor code applies. Feel
free to send any and all feedback, suggestions, or corrections to jelinson@hmc.edu.

Sequences
Recall 1. A sequence {p,} in X is a function f : N — X such that f(n) = p, € X.

Definition 1. The sequence {p, } converges in X if there exists p € X such that for each € > 0,
there exists N € IN such that if n > N then d(p,pn) < €. We say {pn} converges to p. Or
equivalently, p is the limit of {p, }.

Notation 1. p, — p <= lim{p,} = p.
n—oo

Definition 2. If {p, } does not converge to any point in X then it diverges.
Definition 3. The range of {p, } is:
{x € X|x = p,, for some n}.
Definition 4. We say {p,} is bounded in X if the range of {p,, } is bounded in X.
True/False Questions:
@ pn—p,pn—p =p=7. True
(b) {pn}isbounded = p, converges. False.
(c) pn converges = {p,} is bounded. True.
(d) pn — p = pis a limit point of the range of {p, }. False.
(e) pisalimit point of E C X, then there exists some sequence {p, } such that p, — p. True.

(f) po» — p <= Every neighborhood of p contains all but finitely many terms in {p,}.
True.

Remark 1. “All but finitely many” is equivalent to “Almost all.”

Proof. a) Let € > 0. Then there exists N; € IN such that n > Ny, d(p, ps) < 5. Similarly there
exists N, € IN such that n > N, d(p’, pn) < 5. Then for n > max (N, Ny):

€
d(p,p') < d(p,pn) +d(p, pu) <25 =e.
Thus d(p,p’) < e foralle > 0. Thus d(p,p’) = 0. Hence p = p'.

b) Consider Ex. (4) where there is oscillation between two points.

¢) Suppose p, — p. Since 1 > 0 (our choice of €), there exists N € IN such that forn > N
implies d(p,, p) < 1. Letr = max (1,d(p,p1),...,d(p,pn))- Then p; € B(p,r) foralli € IN.
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d) Consider Ex. (3) where the sequence is simply one point.

e) p € E'. For all n € IN such that p, € E such that d(p,, p) < 1/n and p, # p. There for a se-
quence {p,}. Lete > 0. Choose N > 1. Then for eachn > N, we have d(p,p,) < + < & <.
Thus this sequences {p, } converges to p as desired.

f) (=) Suppose p, — p. Given B(p,€), there exists N € IN such that when n > N, it fol-
lows that d(p,pn) < €, ie. p, € B(p,€), leaving only finitely many points, p; through p,
possible.

(<) Forall € > 0, B(p, €) contains almost all {p, }. For e > 0, let
m =max (n € N|p, & B(p,€)).
Then n > m implies p, € B(p,€),i.e. d(pn, p) < €. O

Theorem 1. (Limit Laws) Let {s,},{T,} be sequences in C and s, — s and t, — t. Then the
following hold:

e lim (s, +ty,) =s+t

n—oo

e lim (csy,) =csforallc € C.

n—oo

e lim(c+sy,) =c+sforallceC.

n—oo

e lim (syt,) = st forall c € C.

n—oo

* lim l:%forallcetﬂ.

n—oo Sn

Proof. a)Idea: [|(sy+ tn) — (s + )] < [sp —s| + |ty — t]]. Let € > 0. Then there exists N; € N
such that n > Nj implies d(s,,s) < ¢/2 and there exists N, € N such that n > Nj implies
d(ty,s) < ¢/2. For n > max (N1, Np),
d(sy +ty,s+1t) = |(sp+ty) — (s+1)]
< €.

b) Idea: |cs, — cs| < cls;, — s|.

c)Idea: |suty —st| = |(sn —5)(tn —t) +s(ty —t) +t(sn —s)|. Lete > 0 Choose k = max(s, t,1,¢€).
Then there exists Ny, N, such that n > Nj implies d(s;,s) < < and similarly if n > N implies

3k
d(ty,t) < % Let N = max Nj, N For n > N we know:
|suty —st| = |(sn —s)(tn — t) +5(tn — ) +t(sy — 5)]
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