’”\eorem: Le+ f: X=Y be o Con+invovs b\'!za‘i‘ion. Hanmxk Rese

= X s mmrac‘l’, then ¥ Y3 X s corhinvous, 4714

Proof: To show that £-1:¥5X & continvous, we must show
(‘F"Yi(U) s apen 4 open U X. Bof s o L:\I'ec-,':an,
hence G")_I =f. S0 we s"'uolj ‘F(U) veX is open.
Thus X\U is cesed  X\U € X is o closed subset
& Y comrac‘l‘ spoce. X, hence  X\U is caml)ac+.

So F(x\0) 5 compcty as Fis confinvous. Hence

FX\UY is clsed i Y, so Y\F(v)= F(x\0) i closed.

Thes f(u) s open, SO £ Eon'l‘ihuao& ™

Note: T F: XY o bijchon, £ ond ' are both Q,A‘I'muaus,
F is (,o.“w! o ;\omeomorlpArsm.

Theorem:  Ceortinvous maps Prcserve. connw{-me_cs.
Le‘f £:iX>Y e confinvovs. TH Xis cohm:’va{,
then F(X) s connected

Proot: ( Cond r&))osi‘}ive)

SU?PGSZ F(X) is net comeated.  We shos X 15 it comeched.

X DU

Then 3 UV €Y open  such Hat Uuv =5 aod UnV =g

Sihee s cor\"'\huous, £ U) and  FVY are open.. FX) = UUV,
Ths  X= £ (UoV) = £ () u ). Also, xe £(U) v H(V) imples
f(x) e UaV = @ Thes F(uy n§-'(V) = & Hence X is net connected. m

Theotem: ( Irtermediate Valve Theorem)

Let £:[a,b] >R be confmisws. Tf c eR is between (o) od f(b),
then 3 x e (o b) such Pt F)=

Proof: WLOG, assome Fla) 2c < F(b). TF ro sich x exists, then
($(e),c) U (¢, FL))  chiscomnedt F () . Bot (a,b) is
cornected. Hence T ((a/h)) is connected by fhe previovs Yheotem.  m

Note: Converse of the IVT is false.

0, x=0
C oun‘l‘&emmplc : 'F(X\ !

sin(x), x#0



F:X=Y s Uni‘Formlj onfinvees  F, ¥V €50, 3 830
such thot o (p, %) < & = dy (Hp), £x)) < €.

Remsrk: same & must work for all Pe X, T Fo Jus“)‘ ca'dinmus,
8 may dc}zna{ on feX.

Ex: @ Dnicorm{:j wn{;nwus

j F(x): R\ {0} =R

I =5

&) s continvoos, bot et nm;Farm'tA.

st

¥t

Let £50. Choose any d>o, andl PE(’#.O}5 qG(G,;:T).
Ths cllpg) ¢ 35-C8)= . Bt d(fp, Hp) = 5~ > tn.

P
So 3 neN such Hat "F<6’ and 3 neN such that 4a > E

Choose  n* = max (n, n). Then J(P, q.) <4 bt d(F(r), 'F{?)) >e
Theorem: T F is uni‘Formlq aorﬂ"mwus, then F is  continuoos.

Prook: Thivial. 77-3 i+.

Theorem: Let £:X=Ybe confvoss. T X i compoct, fhen £is un’.'Formfﬂ confonuous.

Proot: Le+ €50. Ne wish o fid §>0 thal sorks ﬁraﬂfe)(. Each xeX
hos o 8y such That d,{'x,f) < dy > dy (F(x),-F(P) <€ (Ly mn‘/:nui'}'ﬂ

o ).
X Y

Con we fird & such that d(P,?,) <82 pig e Ny (0 For some
% & X7 Then d(Flp), Fl)) £ d(¥(), F(0) + d (Fl), F(g)) < Ae&.

L emma: (LeBesjuw Cavering [-emmo)

= {U,‘z is an cpen Cover oFa Cowrac',’ Spoce X, then 3 450
such et V xe X, Ndfx\ < Uy for some o (J n e
L&Bujuc nomber of § U‘Z)

Bed: Lot {U.J be an Open cover. Suppose. Z sich a d LeF &, = L
Then dp is nt & Le&ﬁuc nomber. Bt 3 Xny P € X soch it
dlxn, p) 4 dyy A = such Hat x,, Pr € Un.



owch That Ny (% £ U, for gy ¥ s o subse
! ) 1

(3

wefa\‘ + "L "" ‘ {U -S iS an open  cove

N 'X(tan
h thot Xe Up. So 3 r>0 swch hat




