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® Reidemeister (20°s): /Q 7N

Two diagrams e
represent the same

link if and only if there <
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IS a series of
Reidemeister moves
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Algebraic topology:
Invariants are algebraic objects
# Numbers

s unknotting number

s stick number

® Groups

# Polynomials
s Alexander
o Jones
s Kauffman’s Bracket
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Oriented knots or links have two types of crossings:

Let n be the number of positive crossings and n_ be the
number of negative crossings. Then the Jones
Polynomial Jg(q) of the link L is:

Ji(q) = —1"¢"+ "= < L >
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In this diagram n. = 2 and n_ = 0. Then the Jones
Polynomial for the Hopf Link is:

Jhopf(@) = (1) (¢ 2+ 1+ ¢* + ¢*)
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Khovanov Homology

f o M. Khovanov (1999) T

# Assigns homology groups to a diagram of a knot (or
link)

# Knots (and links) invariant
o Categorification of the Jones polynomial

#® Uses the algebra A =< 1,z > over a field F with the
following operations:

A A Aml®b)=mb1)=>0, mx®zx)=0

AL AAAD)=10r+201, Al)=2r0z
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® Order the vertices:

# Two ways of smoothing a crossing:

0-smoo thing 1-smoo thing

# For each vertex o of the n-dimensional cube it assigns
a particular way of smoothing the knot: o — state «

o -
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B vertex (0, 0)

#® To each state « It assigns the vector space

circles
Lo = @7 A
The (0,0)-state Is assigned the vector space:

AR A
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Khovanov Complex
f A (0,0)

@D ... ()

B

#® To each state « It assigns the vector space

circles
Lo = @7 A
The (0,0)-state Is assigned the vector space:

AR A

® LetC; =P, —;|Lla to get the complex with 9-operator
L defined by the operations on the algebra A J
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Khovanov Homology
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C(L) is a complex, i.e., 9" 0 9°~1 = 0 for every i. Let
7' = ker 0" and B* = Imd*, then

Hi _ Zi/Bi—l

The homology H*(L) of the complex C(L) is an invariant
for the link L and it is called the Khovanov homology of L.
From this groups one can obtain the Jones polynomial. In
general, the Khovanov homology is stronger (invariant) than

the Jones polynomial.
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® s 1®1—(1,1) ® o (1,0) ——-1®Rr—2zR
. w@li(aj,x) . (ZC,O)i—ZC@):E
. 1®aji(az,x) » (0,1)i1®:13+:13®1
» x@xi(0,0) » (O,x)ia:@)a:
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