Water Droplet Simulation
Math 164 Final Project
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Motivation (Why Do People Care?)

Example Applications

« Internal Combustion Engines

 Fire Suppression/Spray Cooling

* Aerosols

* Acid Rain

Cloud Physics

« Heavy Rain and Ice Accretion on Aircaft Wings

* Ink Jet Printing

» Applications in Medicine (e.g. inhaled particles, including asthma inhalers)
< Manufacturing — droplet by molten droplet method

< Microencapsulation

Examples fronDynamics of Droplets by Frohn and Roth (2000)
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Simplified Problem

From Prosperetti's 1977 paper

ou
—+ (U vyU = —div o
ot Je)
vU =0
with
ou oy
Oj = -Ppo& +u +
OX; OX;j
U = velocity field
t = time
o = density
o = stress tensor
p = pressure
u = viscosity
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Even More Simplified

Assume surface of the form
r(©, ¢) = R+ay(t)Y) (6 ¢)

to get a new ODE
t
an" + 2bpoan’ + wdyan + 2 Bnbno JQ1 (t —t)an" (r)dt =0
0

R = average equilibrium radius

Y = spherical harmonic

a, = amplitude

bro = (N-1) (2n+1) v /R

who =N (n-1) (n+2) ¢ /pR®

Bn= (N-1) (n+1)/(2n+1)

Qnis defined by its Laplace transform
1 -1

Q@ = (127 @]
2 2

q=R(p/v)?

Tnaz (@) = Q@) /1,0 (@)
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Laplace Transformed Solution

m Defined as:
LaplaceTransform frel,tp 1 = rf (t)ePtqt
0
m Dimensionless variables
v > € Viscosity
t - ¢ Time
p > s Laplace frequency

Initial Conditions
ap (t =0) -1

an’ (0) - u0
= Yidds
1
atilde[s_, n_, e_, u0_]:= — (1+ (uUOs -n(n-1) (n+2))/
s
(s?+2(n-1) 2n+1)es +n(n-1) (n+2) + 2 (n-1)> (n+1) esQ[s, n, e]));
G ear [Q]

Print ["\n\n\n", "a() =",

1 1 u0s - const o )
Style[—+ —( ]//TradltlonaIForm FontSnze->18”
s s \s? + esconst + es Q[s, e] const
s
QIs_, n_, e_1:= Modul e[{q N }

€

(2Bessell [n+3/2, q]) / (2Bessel | [n+3/2, q] - gBessell [n+1/2, q])]

as) - (s u0 - const )/(s (32+const es+const €Q(s, €)s)) +§

< | »
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Numerical Inversion of Laplace Transform

= Common ldea

Exploit multiple-precision computing to eliminateund-off errors and compute solution by brute force
m Fixed Talbot Algorithm
= Main ldea

Deformation of the Bromwich integral:

Y+1
InverseLaplaceTransform [FIpl, p,t ] = J Fip] et dp
2771 Y-1 o
for some positive constamt
= Deform the contour
p(6) = y6 (cot (6) + 1) -1 < 6 < +7T
|
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Then plug into inversion integral.
Approximate integral using trapezoidal rule witbgssizer/M
vy (1 M-1
f (M) = Y EF (¥) exp (yt) + ZRe[exp (tp (6k)) F (P (6k)) (P" (6Kk)) / (1¥)]
k=1
6k = kna/M
By numerical experiment
2M
5t

where M is the number of terms to be summed whinleding the integral.

= Thefunction

FTIF_, t _, M.]1:=Mdule[{np, r, S, theta, sigma}, np = Max[M $Machi nePreci si on];
r =SetPrecision[2M/ (5t), npl;
S=rtheta (Cot [theta] +1);
sigma =theta+ (thetaCot [theta] - 1) Cot [theta];
(r /M Plus eeAppend[Tabl e[Re[Exp[t S] (1 +1 sigma) F[S]],
{theta, Pi /M (M-1)Pi /M Pi /M1, (1/2)Exp[rt]F[r11]
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Inversion Continued

m Gaver Functionals (GWR) Algorithm
Exact solution to inverse problem Post-Widder folanu

(_1)k k k+1 k
i (1) = (—] RO [—)
k! t t

where F ¥ denotes the kth derivative and
F(p) = £[f (t)]
Then ¢ (t) - f (t) as k - o

Approximate using difference formulas.

ak
fi (t) = (

ak Zk)
t

k
} ZO<—1>J' (J.k)F((ku')am

i
wherea = log (2).

Gaver functionals are a recursive method to cafeudlabut converge slowly.
Use Wynn rho convergence acceleration algorithgetaacronym GWR
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m Thefunction

GMNR[F_, t_, M: 32, precin_: 0] := Mdule[

{ML,, @&, Gn Cp, best, expr, T = Log[2]/t, Fi, broken, prec},

If [precin <= 0, prec = 21 M/ 10, prec = precin];

I f [prec <= $Machi nePrecision, prec = $Machi nePrecision];

broken = Fal se;

I f [Precision[t] <prec, t =SetPrecision[t, precll;

Do[Fi [i] = N[F[i ], prec], {i, 1, 2M1;

M = M

Dol

Q[N -1] =t ((2n)!/ (nt (n - 1) 1) Sumf
Binomal [n, i] (-1)i Fi[n+i], {i, 0, n}];

I f [Not [Nunber Q[0 [n - 1]1]]1, ML = n -1; &Q[n - 1] =.; Break[]];
{n, 1, MI;

Do[Gm[n] = 0, {n, 0, M}];

best = Q[ML - 17;

Dol

Dol
expr = Q[n + 1] - AO[n];
I f [O [Not [Nunber Q[expr]], expr == 0], broken = True; Break[]];
expr = Gm[n + 1] + (k + 1) /expr;

G [n] = expr;
I'f [QddQ[K],
If[n == - 2 -k, best = expr]

1:
{n, ML -2 -k, 0, -1}1;
| f [broken, Break[]];
Do[Gm[n] = @[n]; D[n] = G[n], {n, 0, M - K}];
{k, 0, ML - 2}7;
best
1



The Results

Mani pul at e[Pl ot [GAR[ati | de[#, 2, €, uO] & t, Control Active[l1l0, 2011, {t,
Pl ot Poi nts » Control Active[l10, 15], MaxRecursion -» Control Active[0, 2],
Pl ot Range » {-.5, 1.1}, AxesLabel - {"z", "ax(tr)"}1,

{{e, 3710}, 1,710, 1, 1/10}, {{u0, 37103, 0, 1, 1/10}]
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Pretty Pictures

= Definefunctions

a[fo, __ 1:=1;

aft_, n_:2, e:3/10, u0_: 0, M: 32] :=

GMR[atilde[#, n, e, u0] & Rationalize[t, 10""'], M
Water = {Opacity[.8], Lighter [Blue, .35], Specularity[.7]1};
rpt_,e., ¢, n_:2 e_:3/710, u0_: 0, M: 10]:=
1 + a[Rationalize[t, 10~-M], n, €, u0, M Spherical HarnonicY[n, 0, e, ¢];
Set Opt i ons [Spheri cal Pl ot 3D, {Pl ot Poi nts » 15, MaxRecursion -1, Mesh -» None,
Lighting » "Neutral ", PlotStyle - Water, Pl ot Range -» 2, Axes -» Fal se, Boxed - Fal se}];

m Spherical Harmonic Initial Conditions
Mani pul at e [Spheri cal Pl ot 3D[Eval uate[r [t, &, ¢, n, € u0, 10]],
{6, 0, =}, {¢, O, 2nx}, Axes » Fal se, Boxed - Fal se], {{n, 2}, 2, 10, 1},
{{e, 3710}, 1,10, 1, 1710}, {{u0, 03}, O, 1, 1/10}, {{t, 03}, O, 23}]
m Acorn-like Initial Condition
acornft_, e_, ¢_, e_: 3/10, u0_: 0, M: 10]:=

.3
1+ Sum[(—l)"n S—Ma[RationaIize[t, 10r-M], 2n+1, € ul0, M
n

Spherical Harnoni cY[2n+1, 0, 6, ¢], {n, 1, 13}]

acornlist = Tabl e[Spherical Pl ot 3D[
Eval uate[acorn[t, e, ¢, 3/10, 0, 1011, {e, O, =}, {¢, O, 2m}], {t, O, 372, 1/30}7;

Li st Ani mat e [acornl i st ]



Still To Do

m Verify resultswith Prosperetti paper
= Bubbles
m Examine numerical algorithmsin more detail

= Try to understand where ODE comes from
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