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Abstract

This paper constitutes a short survey of the subject of radial solutions for quasilinear elliptic
partial differential equations where the underlying domain is either a ball, an annular region,
the exterior of a ball, or the whole space. In case the dependence of the equation on the
independent variable is only in the radial direction, special solutions of such equations may be
sought which depend only on the radial variable and as such are solutions of a boundary value
problem for an associated nonlinear ordinary differential equation.
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1. Introduction

In this paper we provide a survey of several results concerning radial solutions of qua-
silinear partial differential equations where the independent variable is a spatial variable
varying over a domain with radial symmetry, such as a ball centered at the origin, an an-
nular domain determined by concentric spheres centered at the origin, an exterior domain
exterior to a ball, or the whole space. If the equation at hand also has the property that
the dependence upon the independent variable is radial, then special radial solutions of the
problem at hand may be sought and it is often the case that certain solutions having special
properties, in fact, must be radial solutions.

The situation is well illustrated by the very classical problem of finding the radial eigen-
values and eigenfunctions of the Laplace operator subject to zero Dirichlet boundary condi-
tions on the unit disk in the plane. Another illustration is the following classical Liouville—
Gelfand problem which is concerned with the existence of positive solutions of the equa-
tion

{Au—i—ke“:O, x €52, (L.1)

u=0, x €082,

where A > 0 and £2 is a bounded domain in RY. If it is the case that 2 = {x € RV:
|x| < 1} := B1(0), then it is reasonable to ask whether Equation (1.1) has solutions which
only depend upon the radial variable. It follows from the maximum principle for elliptic
equations that solutions of (1.1) can only assume positive values in the interior of the
domain and then it follows by the classical result of Gidas, Ni, and Nirenberg [50] that all
solutions of (1.1) are radially symmetric and (1.1) is equivalent to the ordinary differential
equation’s boundary value problem

{u”+N—;~lu’+,\eM:o, re0,1), (1.2)

u' (0)=u(l)=0,

for the profile u(r) = u(]x]|). Note that the originally discrete parameter N is now allowed
to vary continuously. The results of [50] are valid for much more general situations and it
follows that if f:R — R is a suitably smooth function (e.g., Lipschitz continuous), then
any positive solution of
{Au+f(bt)_0, xe8, (1.3)
u=0, x €082,

with £2 a ball, must be radially symmetric about the center of the ball and similar results
hold for the case that £2 is the whole space or a suitable exterior domain. It, on the other
hand fails to hold for the case that £2 is an annular domain, in which case it often may
happen that radial solutions undergo symmetry breaking bifurcations (some such results
will be discussed in this paper).

If it is the case that

Q:{XGRN:O<a<1x1<b},
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then radial solutions of (1.3) are solutions of the boundary value problem

g N—=1 —

{M + r u +f(u)_0$ re(a7b)’ (1‘4)
u(a) =u((b) =0.

For N =1 these problems are amenable to reduction of order methods, and hence may
be explicitly solved. For other values of N, this is, of course, no longer the case in gen-
eral and other methods must be employed to study the solution structure of a given equa-
tion. We shall give a detailed account of problems related to (1.1) and related equations,
a subject that dates back to Liouville in 1853 [71]. In 1914 Bratu [15] found an explicit
solution to (1.2) when N = 2. Numerical progress for (1.2) when N = 3 was made by
Frank-Kamenetskii (see [40]) in his study of thermal ignition problems. Further progress
for N =3 was made by Chandrasekhar [20, IV: §22-27], where (1.2) appears as a model
for the temperature distribution of an isothermal gas sphere in gravitational equilibrium.
Gelfand [49] built upon Frank-Kamenetskii’s work when N = 3 and used Emden’s trans-
formation to prove the existence of a value of A for which (1.2) has infinitely many non-
trivial solutions.

In 1973 Joseph and Lundgren [61] completely characterized the solution structure
of (1.2) for all N and hence, because of [50] also of the corresponding problem (1.1)
in the case the domain is a ball. Other related examples arise from a larger class of partial
differential operators, for example the work of Clément, de Figueiredo, and Mitidieri [22],
Azorero and Alonso [44], Jacobsen [57], and Jacobsen and Schmitt [59], who consider
existence and multiplicity results for the model equations

Apu+re" =0, xef2, (1.5)
u = O, X € 8.(2, .
where A, = div(|Vul|? ~2Vu) is the p-Laplace operator [56,74] and
{Sk(Dzu)+ke“=O, X €82, (1.6)
u = O’ X e 89, .

where Sk(Dzu) is the k-Hessian operator [108], defined as the sum of all principal k& x k
minors of the Hessian matrix D?u. For instance S; (D?*u) = Au and Sy (D?u) = det D?u,
the Monge—Ampere operator.

Note that both equations are extensions of (1.1). In particular, the results of Joseph and
Lundgren explain the radial case of (1.5) for p = 2 and of (1.6) when k = 1. In [22], the
authors consider (among other topics) the radial case of both (1.5) for p = N and (1.6) for
N =2k.

All of the above problems are simply special cases of the more general family of prob-
lems

P (e |Pu) + f (o) =0, reO,1),
u>0, re0,1), (1.7)
M/(O) = M(l) = O,
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or

r (! 1Pu) + FOL ) =0, 1€ (a,b),
u >0, re(a,b), (1.8)
u(a) =u) =0,

where certain inequalities are to be imposed on the parameters involved in the equation.
Here ’ denotes differentiation with respect to r. For instance, if £2 = B1(0) is the unit ball,
then Equation (1.7) with f (&, u) = Ae* arises from (1.5) and (1.6) as a consequence of
a priori symmetry results (see [35] for (1.6) and [7] for (1.5)). Similar problems may be
posed also for exterior domain and whole space problems.

Much work has also been devoted to boundary value problems and other qualitative
studies for more general differential operators of the form

r () + fOnu) =0, (1.9)

where ¢ :R — R is an increasing homeomorphism of R, with ¢ (0) = 0. Such problems
arise in a very natural way in diffusion problems where diffusion is governed by rapidly
growing terms. We shall survey some such problems below.

In most of the discussion to follow the parameter « is taken to equal the parameter y
and is denoted by N — 1, to indicate the partial differential equation origin of the problem,
where N denotes the dimension of the underlying domain. In the discussion, however,
N — 1 may simply denote a nonnegative parameter. The equations stated above also may
depend on other parameters, denoted by A, which dependence may be in a linear or nonlin-
ear fashion, thus this parameter may occur as a multiplicative factor or simply as a variable
in the function evaluation. Should this parameter play no role in the result at hand, we
simply shall suppress the dependence.

The paper is organized as follows: We first discuss boundary value problems on a ball
related to the differential operator (1.9) and rely mainly on the recent work in [45-47,54,
53]. We then proceed to discuss problems on annular domains based on some work in [9,10,
25,30,29,74]. Next, we present a detailed discussion of Gelfand type problems. Following
the Gelfand case study we return to general theory and present a range of related topics
including some classical oscillation and nonoscillation theorems, problems for which radial
solutions can undergo symmetry breaking bifurcations (relying on work in [67,68,80-82]),
and problems concerning radial ground states of problems defined in all of space.

We shall denote by || - || the supremum norm in Cla, b] for any interval [a, b] C R.

2. Boundary value problems on a ball
2.1. Introduction

In this section, we consider the existence of positive solutions for the boundary value prob-
lems

{(rN_qu(u/))/—l—)»rNglf(u):0’ O0<r <R, 2.1)

' (0)=u(R) =0,
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where ¢ is an odd increasing homeomorphism on R and 1 is a positive parameter (i.e., we
consider the case thata =y = N — 1).
As pointed out before, Equation (2.1) arises in the study of radial solutions for quasilin-
ear elliptic boundary value problems of the form
{div(A(Vu))—l—Af(u):O, x €8, 22)
u=0, x €082,

where 2 is a ball of radius R in RV,

We first discuss existence results for (2.1) when f(0) = 0. These results are of bifurca-
tion type and are based on the work [45,46]. We then discuss the cases when f(0) < 0 or
f(0) >0, and f is ¢ superlinear at co. In the former case there exists a positive, decreas-
ing solution to (2.1) for & small. The asymptotic behavior of the solution (as A — 0) will
also discussed. This generalizes the results in [19,2] (see also [100]) in which ¢ (x) = x,
and complements those in [31,74] where similar problems were considered on an annulus.
In the latter case, there exists a positive number A* such that (2.1) has at least two positive
solutions for A < A*, at least one for A = A*, and none for A > A*. This result complements
corresponding results in [3,29] on annular domains. We refer to [100] for the literature on
problem (2.2) with A(x) = x on bounded domains. The approach used here depends on
degree theory and also uses results about upper and lower solutions. Such results can be
found in, for example, Lloyd [72], Berger [13], Deimling [32], and Schmitt [99].

2.2. The case when f(0)=0
The prototypical example in this case is the partial differential equation

-
{Au +u 0, xef2, (2.3)

u:O, X €082,

where p > 1. Note that u = 0 is a solution to (2.3). One approach to finding nontrivial
solutions is to consider it as a perturbation of an eigenvalue equation

Au+ru+uf =0, (2.4)
and study solution continua, i.e., curves in the solution set
S={( u): (1, u) satisfies (2.4)}.

For instance, if S contains a point (0, u) with u # 0, then we obtain a nontrivial solution
to (2.3). Viewing (2.1) with this motivation, we now consider the equation

{ =V (Nl ) = Ay @) + g ), 0<r <R, 2.5)

W' (0) = u(R) =0,
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where ¢ :R — R and ¢ :R — R are odd increasing homeomorphisms of R, which both

vanish at the origin. We further assume that g(%, 0) = 0 for all A € R. A solution to Equa-

tion (2.5) is a function u € C'[0, R] with ¢ (u') € C'[0, R] which satisfies (2.5).
Furthermore we will require that ¢, vy satisfy the asymptotic homogeneity conditions:

im $(os) =oP7! forallo e R, for some p > 1, (2.6)
s—0 Y (s)
and
¢(os) 097!, forallo e Ry, forsomeq > 1. 2.7

m =
s—>Fo0 Yr(s)

We note that if the pair ¢, ¢ satisfies the asymptotic homogeneity conditions (2.6)
and (2.7), then the function ¢ satisfies both of these conditions with v replaced by ¢
and also y satisfies both of these conditions with ¢ replaced by 1. Such conditions appear
in a variety of contexts (see, e.g., [95]).

Let u(r) be a solution of (2.5). By integrating the equation in (2.5) we see that u(r)
satisfies the integral equation

R _ 1 s
u(r) = / ¢! LN—I /0 EVTw (u®) + g (1 u(®)) ds] ds. (2.8)
r
This equation will be fundamental for much of the subsequent analysis.

2.2.1. Index calculations. Let us consider (2.5) with g =0:

— — /7

{_rl NrNlow)) =rmp), 0<r<R, (2.9)
' (0)=u(R)=0.

A value A such that (2.9) has a nontrivial solution is called an eigenvalue of (2.9).
From (2.8) it follows that u is a solution if and only if « is a fixed point of the completely
continuous operator 7% : C[0, R] — C[0, R] defined by

R 1 s
e = [ o7 [ ) o fos. 2.10)

If ¢(r) = ¥(r) = |¢t|P2t, then it is known that the eigenvalue problem (2.9) has a se-
quence of eigenvalues {A,;; = A, (p), m =1,2,...}, with A,,(p) = o0, as A — 00, and
this set has been completely described (see, e.g., [34,36] and the earlier papers [4,69]). We
need the following lemma from [46]:

LEMMA 2.1. Consider the problem (2.9).
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e If (2.6) holds, then the Leray-Schauder degree of I — T* is defined for B(0, ¢), (the
open ball centered at zero with radius ¢ in C[0, R)), for all sufficiently small ¢. Fur-
thermore we have

1, A<ti(p)

(=1, &€ () st (P)). .11

deg; (1 — T*, B(0, ¢), 0) = {

e If (2.7) holds, then the Leray-Schauder degree for I — T* is defined for B(0, M), for
all sufficiently large M, and a similar formula to (2.11) holds, namely

1, A <A1(q),

1L he (@) b @), (2.12)

deg; 5(I — T, B(0, M),0) = {

where {Mi(q), | =1,2,...} is the set of eigenvalues of (2.9) with ¢ () = ¥(t) =
719721,

Lemma 2.1 may be applied to obtain an existence result for nontrivial solutions.
THEOREM 2.2. Consider problem (2.9) and suppose that ¢, are odd increasing home-
omorphisms of R with ¢ (0) = 0 = ¥ (0), which satisfy (2.6) and (2.7) with p # q. Assume
that for some j € N, A;(p) # Aj(q) and that ) € (A, B), where A = min{A;(p), 1;(q)}
and B = max{A;(p), A;j(q)}. Assume furthermore that (A, B) does not contain any other
eigenvalue from {);(p)} or {Am(q)}. Then problem (2.9) has a nontrivial solution.
PROOF. Assuming for example that 1;(¢) > X;(p), it follows from Lemma 2.1 that

deg s(1 =T, B(0,8),0) = (—1)/, (2.13)
for ¢ > 0 small, and that

deg (I — T*, B(0, M),0) = (1)’ ", (2.14)

for M large. Thus combining (2.13) and (2.14) with the excision property of the Leray—
Schauder degree, we obtain that

degys(1 = 7%, B(O, M) \ B(0, #),0) #0, (2.15)
yielding the existence of a nontrivial solution with ¢ < ||u| < M. 0
This theorem suggests the existence of a branch of solutions to (2.5) connecting

(Aj(p),0) with (A;(q), 00), for each j € N, generalizing the well-known property for the
homogeneous case. We will return to the structure of the eigenvalue set in Section 2.2.4.



Radial solutions of quasilinear elliptic differential equations 367

A

[[ull

I
I
I
I
I
I
I
1
|
I
I
I
I
I
I
1
1
I
I
I
|
I
|
1
1
|
I
I
1
i

2;(p) Ai(9)

Fig. 1. Possible continua of Theorem 2.2.

2.2.2. On initial value problems. In this section we discuss some results for the initial
value problem associated with (2.5), i.e.,

_rlfN(rN—lqﬁ(u/))/:)ﬂp(u)+g()\"u)’ 0O<r <R,
u(0)=d, (2.16)
u'(0) =0,

which will be needed in the next section. Throughout we shall assume that
ug(h,u) >0, forall L, ueR. 2.17)

The following proposition follows from an application of the contraction mapping principle
applied to (2.8):

PROPOSITION 2.3. Suppose that g(x,u) = O(|y (u)|) near zero, uniformly for r and X in
bounded intervals. Then the only solution to the problem

=NV )) =0 ) + gOhw), O<r <R,
w(r) =0, (2.18)
u'(rg) =0,

with rg € [0, R] is the trivial solution u = 0.
The next result concerns the oscillation of nontrivial solutions.
PROPOSITION 2.4. Suppose that g(k,u) = O(|y(u)|) near zero, uniformly for A in

bounded intervals, then nontrivial solutions of the initial value problem (2.16) are oscilla-
tory, i.e., solutions are defined on all of [0, 00) and have infinitely many zeros.
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PROOF. Letu be a nontrivial solution of (2.16) and assume that d > 0. If u does not vanish

in (0, 00), then u is decreasing on (0, co). Integrating the equation from 0 to s € (0, r) we
find

1 s
—u/(s>=<z>—1<sN_1 fo EVT (0 (u(®)) +g(A,u<s>))dé>. (2.19)

Integrating (2.19) from r/2 to r yields

r A' )
w(r/2) > fﬂwl(sN_] / s”*w(u(@)ds)ds, (2.20)

r A r/2
> //2‘1’1(%1/0 éN—lllf(u(r/2))d€> ds. (2.21)
Hence

OGuer/2) _ A r Yu(r/2)

Z — s 2.22
$(r/2) ~ N2V ¢(u(r/2) 2:22)

for any r > 0. But for r > 2 the left-hand side of (2.22) is less than 1 while the right-
hand side can be arbitrarily large. Hence we conclude that # must have a zero which, by
Proposition 2.3, is simple. g

We remark here that by the same argument any nontrivial solution of the initial value
problem

—(rNﬁlqb(v/))/:rN_l)uﬂ(v)+rN_1g(A,v), O<r <R,
v(ro) =d, (2.23)
v'(ro) =0,

must have a first isolated zero to the right of rp and such solutions may be continued to oo
and are oscillatory on the whole real line.

Foreach d # 0, let p; denote the first zero of a solution u of (2.5) such that #(0) = d. The
next two propositions show that solutions to (2.5) have Sturm type separation properties as
one has for linear equations (see, e.g., [55]):

PROPOSITION 2.5. Suppose that g(h,u) = O(|Y(u)|) near zero, uniformly for X\ in
bounded intervals. Then, for each R > 0 there exists A(R) such that for all ). > A(R)
and all d # 0 we have that pg < R.

PROPOSITION 2.6. Let pq; denote the jth zero of a solution u of (2.5) such that u(0) = d
and suppose that g(,,u) = O(|Y(u)|) near zero, uniformly for X\ in bounded intervals.
Then, for all L > 0 and j € N there exists A;j(L) > 0 such that for all » > A (L) and all
d # 0 we have that pg; < L.
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2.2.3. Bifurcation of solutions. In this section we consider bifurcation problems at zero
and at infinity. See [21,32,94,64] for definitions.
Let u be a solution of problem (2.5). Then u satisfies

u=2F(,u) (2.24)

where

R 1 K
FOu)(r) = / ‘7’MI<STT /0 §Nl(w(u@))+g(x,u<s)))ds>ds.
(2.25)

Itis clear that 7: R x C[0, R] — C[0, R] and it is a completely continuous operator. Con-
cerning (2.24), the following theorem is proved by a standard argument which considers a
sequence of solutions approaching a bifurcation point, appropriately renormalized to take
advantage of the condition on g:

THEOREM 2.7. (i) Suppose that g:R x R — R is continuous and satisfies g(,s) =
o(l¢ (s)]) near s = O uniformly for X in bounded intervals, and that ¢ and  satisfy (2.6).
If():, 0) is a bifurcation point for (2.24), then A = Ay, (p), for some m € N.

(ii) Suppose that g:R x R — R is continuous and satisfies g().,s) = o(|¢(s)|) near
infinity, uniformly for A in bounded intervals, and that ¢ and r satisfy (2.7). If (k, 00) is a
bifurcation point for (2.24), then ) = hn,(q), for some m € N.

The next theorem is the main result on bifurcation of solutions to (2.24):

THEOREM 2.8. Suppose that g:R x R — R is continuous and satisfies g(\,s) =
o(|¢(s)|) near s =0, uniformly for A in bounded intervals.
(i) If ¢ and r satisfy (2.6), then for each k € N there is a connected component S C
R x CI0, 1] of the set of nontrivial solutions of (2.5) whose closure S contains
(M (p), 0). Moreover, Sy is unbounded in R x C[0, 1] and if (A, u) € S, then u has
exactly k — 1 simple zeros in (0, R).
(ii) Ifug(r,u) >0, then there exists My, € (0, 00) such that if (A, u) € Sk, then » < M.

PROOF. The proof of the existence of the connected component S such that (A (p), 0)
belongs to S and that Sk is unbounded or contains another bifurcation point (A i(p),0),
J # k, is entirely similar to that of [94]. The fact that (At (p), 0) € Sy and that (A, u) e S
implies u has exactly k — 1 simple zeros in (0, R) is in turn similar to that of Theorem 4.1
of [34] and uses the results of Section 2.2.2. The existence of My such that A < M follows
directly from Proposition 2.6. (]

The following will serve as examples to illustrate the above results.

THEOREM 2.9. Suppose that ¢, are odd increasing homeomorphisms of R with ¢ (0) =
¥ (0) = 0, which satisfy (2.6) and (2.7) with p # g and ug(k, u) > 0. Then for any j € N,
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there exists a connected component S; of the set on nontrivial solutions of (2.5) connecting
(A;(p),0) to (Aj(g), o0) such that (A,u) € S; implies u has exactly j — 1 simple zeros in
(0, R).

PrOOF. It follows from Theorem 2.8 that for any j € N, there exists an unbounded con-
nected component S; of the set on nontrivial solutions emanating from (X ; (p), 0) such that
(A, u) € S; implies u has exactly j — 1 simple zeros in (0, R). Since there is an M; such
that (A, u) € S implies that A < M} and since there are no nontrivial solutions of (2.5) for
A =0, it follows that for any M > 0, there is (A, u) € S such that ||| > M. Hence (ii) of
Theorem 2.7 implies that as [|u| — oo with (A, u) € S, it must be that A — A;(g). (I

The second application is motivated by a result of [34].
THEOREM 2.10. Consider the problem

_(+N=14,7\Y — N—1
{ (r ¢ (u )) =r g(u), O<r <R, (2.26)
u' (0) =u(R)=0.
Assume ¢ is an increasing homeomorphisms of R with ¢(0) = 0 and which satisfies (2.6)
and (2.7) with ¢ = . Further suppose that g : R — R is continuous with ug(u) > 0 and
that there exist positive integers k and n, with k < n, such that

. g(s) 8(s)
= lim =—= < A (p) <A <v:= lim —=.
H* Is|=0 ¢ (s) P n(q) Is]—o00 @ (5)
Then for each integer j € (k,n) Equation (2.26) has a solution with exactly j — 1 simple
zeros in (0, R). Thus (2.26) possesses at least n — k + 1 nontrivial solutions.

2.2.4. On principal eigenvalues. We next present results concerning the existence of pos-

itive solutions to the problem

_ =N (.N=1 4 Y _

{ NNl )) =ap ), 0<r <R, 2.27)
' (0)=u(R)=0,

where ¢ is an increasing homeomorphism of R and v is nondecreasing with ¢ (0) =
¥(0) = 0. A constant A such that (2.27) has a positive (or negative) solution is called a
principal eigenvalue. Note that Theorem 2.2 established the existence of solution branches
to (2.27) which may or may not correspond to positive solutions.

In the case that N is a positive integer and ¢ (1) = |u|P~2u = ¥ (u) the above problem
is the problem of the existence of the principal eigenvalue of the p-Laplacian on a ball of
radius R in RV, subject to zero Dirichlet boundary data. As such it is well understood (see,
e.g., [4,14,41,43,103)).

The tools that have been used for establishing the existence of such (and higher) eigen-
values come from variational methods and are usually critical point theorems for smooth
functionals defined in an appropriate Sobolev space; these methods consequently also yield
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theorems for the case the underlying ball domain is replaced by an arbitrary bounded do-
main.

Here we discuss the general case (2.27) and rely on fixed point and continuation tech-
niques based on some work in [29,46]. For the special case N = 1, very detailed informa-
tion is available in [34,48].

We will assume further that N > 1 (not necessarily an integer) and ¢ and v satisfy for
allx #0and o > 0,

< ¢(ols)
Vsl

A(o) < B(o), (2.28)

where A(o) and B(o) are positive constants depending on o only.
We introduce some notation to discuss the structure of the eigenvalue set. First, let E
denote the set of all principal eigenvalues. Next, for each d > 0, let I" (d, R) be defined by

I'(d, R) = {1 > 0] (2.27) has a positive solution with u(0) = d} (2.29)
and set

' (d,R)=infI'(d, R). (2.30)
Further define

Iy (R) :=liminf '~ (d, R), (2.31)

d—>00
vi (R):= 1i§n igfr—(d, R), (2.32)
AL (R):=inf I'"(d, R). (2.33)
d>0

The main result in this section is as follows:

THEOREM 2.11. The set E # (§ and there exists a smallest Lo > O such that for A < Ag the
eigenvalue problem (2.27) has no nontrivial solutions. For every d > 0, there exisis ). € E
and a positive solution u of (2.27) such that u(0) = d. Furthermore, I'~(d, R) > 0 and
I'T (R), y{ (R), A] (R) are all nonincreasing functions of R, and

lim I (R)= lim y; (R) = lim A (R) = oo,
R—0*t 1( ) R->O+y1( ) R—0* 1( )
Rleoo I'(R) = Rleoo Y, (R) = Rli_)mooAI(R) =0.

There is a result dual to Theorem 2.11 for principal eigenvalues with associated nega-
tive solutions, the set of such eigenvalues may, of course, be different from the set whose
existence is asserted in Theorem 2.11.
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Ao (R TT(dR) TT(R)
Fig. 2. Possible continua of Theorem 2.11.
We break the proof of Theorem 2.11 into several steps. First, a quick calculation shows

that finding positive solutions to problem (2.27) is equivalent to finding nontrivial solutions
to the problem

{(rN1¢(u/))/—!—)»rN"11p(]u|):O, re(0,R), (2.34)

' (0)=u(R)=0.

Let Cg denote the closed subspace of C[0, R] defined by
Cr={ueC[0,R]|u(R)=0}. (2.35)

Then Cg is a Banach space with the inherited norm || - || from C[0, R].
Similar to (2.8), we see that a solution u to (2.34) is equivalent to a fixed point of the
operator

R 1 s
F(k,u)(r):/ ¢‘1LN—1/0 ngwf(\u(g);)dg] ds. (2.36)

Clearly F:[0,00) x Cr — Cpg is a well-defined operator. Define now the operator
Fe:[0,00) x Cr — Cpg, by

R 1 K
fg()»,u)(r):/ quLN—_T/O EN_IA(w(|u(§)|)+e)d§]ds, (2.37)

where € > 0 is a constant. We have that F, sends bounded sets of [0, o0) x Cg into bounded
sets of Cg. Moreover, F. is a completely continuous operator and F (0, -) = 0.
Since

deg; (I — Fe(0, ), B0, R),0) =1,
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there exists a solution continuum Cj C [0, 00) x Cg of solutions of
U= Fe(h,u) (2.38)

with C unbounded in [0, 00) x Cg. In fact, this solution continuum C.* is bounded in the
A direction:

LEMMA 2.12. There exists A > 0 such that if (A, u) solve (2.27), then ) < X.
PROOF. Let (4, u) be a solution pair to (2.27). Thus
r
Nl () = —A/O VN (Ju®)) +e)de <0

and

R 1 K
u(r)=/r </>“1LN—_1/0 éN—IA(¢(|u(g)])+e)dg]ds20.

Hence, u/(r) <0 and u(r) > 0 for all r € [0, R]. Also

R 1 s
ur)> | ¢‘1LN_1/O sN—lw(\u@)!)ds]ds.

Thus, for all r € [%, %TR], we have that

AR

R _
u(r) > 4o I[Ww(um)}

or equivalently,

¢ (Fu(r)) _ R

Y = NaN @

O

Note that it follows from (2.39) and (2.28) that for all € > 0, sufficiently small, A is
bounded independent of €. Thus, there exists €y such that for each d > 0 and each 0 < ¢ <
€o there exists (A¢, ue) € Cj’, with ||uell =d > 0and 0 < A < A. We may now let € — 0
and obtain a nontrivial solution of (2.27), with ||u|| = d, for some A* € (0, A].

Similar to (2.30) define

I'"(d,R)=supI'(d, R).

It follows from the above calculations that I"T(d, R) < oo. We now prove I'"(d,R) >0
from Theorem 2.11:
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PROPOSITION 2.13. Foreachd >0, I""(d, R) > 0.

PROOF. If not, then there exist sequences {un}, {1}, with ||u,|| = d and X\,, — O such that
un = F My, uy). The complete continuity of F implies {u,} has a convergent subsequence,
with u,, — u*, and thus u™ = F(0, u*). But it follows from (2.36) that 7 (0, u) = 0 for all

u, a contradiction. O

Paralleling our notation above, let us set

I'"(R) =limsup ' (d, R), (2.40)
d—o0
R — 1 +
y; (R) =limsupI""(d, R), 241)
d—0
AT (R)=sup 't (d, R). (2.42)
d>0

Then, we have:
PROPOSITION 2.14. Under the above hypotheses on ¢ and ,

Iy(R)>0, IH(R) <oo,

v (R)=>0, 7 (R) <oc0,

A(R)>0,  A{(R) <oo.
PROOF. That the numbers in the second column are finite has already been discussed. To
show that the numbers in the first column are positive we argue as follows. Assume (A, u)
is a solution of (2.34) with #(0) = d. Then

lull =d,

and

R 1 s
u(r):/ ¢—1LN—~1/0 sN—lw(|M(§)|)dg]ds. (2.43)

Hence

R
d=u<0></ ¢‘1[xw(d>i]ds,
0 N
which implies

ﬁd(ig) < ,\% (2.44)

Using condition (2.28) we obtain a lower bound for A. O
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The above proposition has the following corollary:

COROLLARY 2.15. Let (A, u) be a solution of (2.34) with u(0) =d and let 6 € (0, 1) be
fixed. Let ry € (0, R) be such that u(ro) = 0d. Then

N [(1-6
r027A<—R ) (2.45)

PROOF. Using Equation (2.43) we obtain the following

R 1 K
9d=f ¢—1LN_1fO gN—lw(|u(g)\)dg]ds, (2.46)

0

and hence

ro B 1 N B
a-o= ["o i [ 6 1w(|u<s>|)ds]ds,

from which follows

ro r 1 N
a-oa< [0 5 [ v dé} ds,
0 LS 0
and
A (d
(1—6)d < Rdfl [M]
N
The result now follows from (2.28). O

The result just proved has the following consequence concerning solutions of large
norm:

COROLLARY 2.16. Let {(Ay, uuy)} be a sequence of solutions of (2.34) with u,(0) =d,. If
dy — 00 as n — 00, then u, (r) — oo uniformly with respect to r in compact subintervals

of [0, R).

PROOF. Since u, is given by

R 1 K
un<r>=/r ¢—‘[Wq/() sN—lxnw(lun@l)ds]ds,

for 6 € (0, 1) we obtain for r > rq (viz. Corollary 2.15) that

R | 1 ro |
n(r) = / ¢ [sN-l /0 gV Anw/f(edn)ds]ds.
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The conclusion follows from this inequality. ]

Let us consider the initial value problem

(N o) =Ny, >0,
u(0)=d >0, (2.47)
' (0) = 0.

To obtain the (local) existence of solutions of (2.47) we obtain solutions of an equivalent
integral equation whose solutions are fixed points of the operator S defined by

S(u)(r):d_/’¢_1[ L fssN—‘w(u@))dg] ds.
0 N 0

Since u is decreasing and ¢ and v are increasing we find that for given ¢ > 0, there exists
Rg such that

S:{u e Cl0, Rol: lu—d| <e}— {ueCl0,Rol: [lu—d| <e}

and that S is completely continuous. The result thus follows from Schauder’s fixed point
theorem. We next show that solutions of the initial value problem (2.47) exist globally and
are oscillatory:

PROPOSITION 2.17. For each d > 0 and each ) > 0 solutions of (2.47) exist globally on
[0, 00), have only simple zeros and are oscillatory, i.e., the set of zeros is unbounded.

PrROOF. It follows from the above existence argument that a solution u of (2.47), as long
as it is positive, is decreasing. If u(r) > 0 for r € [0, 00), then using calculations as before,
we find that for each r > 0

)»”/f(u(r)))

u(r) > r¢‘1< AN

and hence (since we may assume r > 1)

plur) _
V() = N2V

which implies, using condition (2.28) that » cannot be unbounded. Therefore ¥ must have
a first zero. Easy arguments show that the zeros of # must be simple and that u is oscilla-
tory. 0

We next shall show that A (R), y; (R) and I'[ (R) are nonincreasing functions of R.
To this end we shall need the following elementary properties of the operator F defined
by Equation (2.36). We note that the space Cr is a partially ordered Banach space with
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respect to the partial order < defined by u < v whenever u(r) < v(r) for all r € [0, R].

Further if [u, v] = {w € Cg: u < w < v} is an order interval in Cg, then it is a bounded
closed setin Cg.

PROPOSITION 2.18. The operator F defined by (2.36) is monotone with respect to the
above partial order in C[0, R] and hence in Cg and also monotone with respect to .

From this proposition and the complete continuity of 7 immediately follows the follow-
ing fixed point result:

PROPOSITION 2.19. Assume there exists [a, f] C C[0, R] such that
‘F()"v ) : [O[s ﬂ] e [Ol, ﬁ]
Then F (A, -) has a fixed point u € Cg N [a, B].

We note that the hypotheses of Proposition 2.19 will hold, whenever we can find a pair
{a, B} C C[0, R] such that

a<pB
and

a < FO o), F(h, B)<B.
Using these facts we can now establish the following result:
THEOREM 2.20. A, v, , I'|" are nonincreasing functions of R.

PROOF. Assume there exist constants Ry and Rz, with Ry < R, such that A (R;) <
A1 (R2). Then there exists j« € (A (Ry), A (R2)), such that (2.27) has a nontrivial solution
a for R = Ry and A = . Furthermore, there exists v 2> A; (R2) and a nontrivial solution
B of (2.27) for R = Ry and A = v, with 8(0) = d as large as desired. It follows from
Corollary 2.16 that for d sufficiently large 8(r) > &(r), for each r € [0, R1]. Define

Then the operator F(u, -) for R = Ry satisfies in the space C[0, R2]
o < Fu,e), Fp, B) < B,
as may easily be verified. Thus by Proposition 2.19 this operator will have a fixed point in

[, B], contradicting that ;1 < A (R2). The monotonicity of the other functions is proved
using virtually similar arguments. |
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REMARK 2.21.
1. Theorem 2.20 implies that problem (2.27) has no nontrivial solutions for A < 1] (R).
2. Solutions of (2.27) are a priori bounded for A in compact subintervals of (—oo,
' (R)).
3. The calculations and results also imply that for § > 0, sufficiently small, the degrees

deg (I — F(a, ), B(0,5),0),
deg (I — F(b,-), B(0,5),0)

are defined for a < y; (R) and b > y1+ (R) and equal 1 and 0, respectively. Hence
it follows from global bifurcation theory that an unbounded continuum of positive
solutions of (2.27) will bifurcate from [y, (R), y1+ (R)].

We conclude this section with a few remarks concerning the nonhomogeneous equation

{ (Mg @) + AV Iy = VA, e O, R), (2.48)

u'(0)=u(R) =0,
where h € L*°(0, R) is a given function. In this case, one has the following theorem:

THEOREM 2.22. There exists Ay > O such that for every A < Ao and every function h €
L°°(0, R) the nonhomogeneous problem (2.48) has a solution.

As is to be expected, Ap in this theorem is to the left of the set of principal eigenvalues
associated with both positive and negative eigenfunctions.

PROOF. The existence of solutions to the nonhomogeneous problem is equivalent to the
existence of fixed points of the operator 7' (A, u, h) defined by

R 1 s
T(x,u,h)(r)zf ¢1[s—m/0 gN—l(w(u(s))—h(r))dg}ds. (2.49)

One establishes the existence of a fixed point of T in the space Cg using Proposition 2.19.
To this end, we define

Ao =inf{A: X is a principal eigenvalue of (2.27)}

and consider problem (2.48) for values of A < Ag. Let A be so chosen and choose . such
that A < < Ao and consider the boundary value problem:

{ (PN o)) + pr¥ Yy @) =0, 0<r <R, (2.50)

u' (0) =u(R) =0.
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It then follows from the results considered earlier that there exists a solution u with u(0) =
d as large as we like. Then u satisfies also

u<r>—/R¢—1[ ! fssN‘l w(u@))ds]ds
=/ A s :

Further u(r) may be made arbitrarily large uniformly on compact subintervals of [0, R] by
choosing d sufficiently large. Hence

R 1 s
u(r)=/r ¢4|:Wfo ENflw/f(u(é))dg] ds
R 1 s
=/r ¢—1LN_]/O ENTI (g (u(®)) — h) dg

1S
+SN—_1/O g" 1((M—A>w(u(é))+h)ds]ds

2 T u,h)(r)

provided

1 N
sN—lfo EN TN — Y (u®) +h)dé >0, forsel0,R],

which may be accomplished for a given 4 € L*°(0, R), by choosing d sufficiently large. In
a similar manner we may construct a negative « such that @ < T (A, o, h). We now apply
Proposition 2.19 to complete the proof. |

2.2.5. Existence and nonexistence. We next consider existence and nonexistence ques-
tions for the following class of problems:

{ (PN lp@)) +r¥ gy =0, re O R), 2.51)
1 (0)=u(R) =0,
where ¢ is an odd increasing homeomorphism of R and g:R — R is a nondecreasing
continuous function such that g(0) = 0.

Motivated by the case of the p-Laplace operator and related work (see, e.g., [29,48]),
we will assume that ¢ satisfies:

fimsup 27 < oo, forallo > 1 (2.52)
s—oo  P(s)
and
. ¢(os)
lim sup < o0, forallo > 1. (2.53)

s—0 @ (s)
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Let
s s
<15(S)=/ @ (1) dr, G(S)Z/ g(r)dr,
0 0

and denote by

@
I" := limsup (s) ,
s—o0 SQ(s)

and for 6 € (0, 1),

The main existence result is the following:

THEOREM 2.23. Suppose that I’ < 1 and

lim M =00, lim & =00 (2.54)
s—0 g(s) §=00 (s)

Further let there exist 6 € (0, 1) such that 5 > 0 and
Nég> NI —1. (2.55)

Then (2.51) has at least one positive solution.

Condition (2.55) has been used in [48] to indicate subcritical growth of g with respect
to ¢. In the case of powers, i.e., when ¢ (s) = |s|?~2s and g(s) =1s°"1s, with 1 < p<N
and § > 0, this condition reads

N(p—1)+p
N—-p

5§ < , (2.56)

which is known to be optimal in the sense that there are no positive solutions to (2.51) if

>N(p—1)+p'

8> 2.57
T 2.57)

On the other hand, if we let ¢ (s) = In(1 + |s|)|s|?~2s then one has a solution for p <8<

Mﬁ,*—_ljff’. Thus if we allow slightly faster growth we can include equality in (2.56) [23].

In the case of general ¢ and g, the main nonexistence result is the following:

THEOREM 2.24. If

NG(s) . NO(s)
su <in —
s>0 S&() 520 s@(s)

1, (2.58)

then (2.51) does not have a positive solution.
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Condition (2.55) is related to a condition that appears to have been first used by Cas-
tro and Kurepa in [18,17] for the linear operator, i.e., when ¢(s) = s. De Thélin and
El Hachimi [37] extended the results in [17] to the p-Laplacian case by assuming that

N-p

NG(s) — —*sg(s) is bounded from below for all s € R and for some 6 € (0, 1),
p

N —
NG©d) — ~—Pagd)>0, fordlarge. (2.59)
)

We note here that although condition (2.59) seems to relax the conditions in [18], it can be
proved to be equivalent when p =2 and g is increasing (see [47]).

PROOF OF THEOREM 2.23. By radial symmetry, finding positive solutions to prob-
lem (2.51) is equivalent to finding nontrivial solutions to the problem

{ (rN_lqb(u/))/ +r¥lg(lul) =0, re(.R), (2.60)

w'(0)=u(R)=0.

Recall from (2.35) that Cg is the closed subspace of C[0, R] defined by those u« that
vanish at R. Let u be a solution of (2.60). If Ty : Cr — Cg is defined by

R 1 K
To(u)(r) =f ¢1LN—_1/0 sN“lg(iu(s)\)ds]ds, (2.61)

then Tj is well defined and fixed points of Ty will provide solutions of (2.60). Define now
the operator G: [0, R] x Cr — Cg, by

R 1 s
g()\,u)(r):/ ¢—1LN_1/0 gN—l(g(Wg)l)ﬂh)dg}ds, (2.62)

where & > 0 is a constant to be fixed later. We find that G sends bounded sets of [0, R] x Cg
into bounded sets of Cg and G(0,u) = Ty(u). Moreover, G is a completely continuous
operator.

Also, let us define the operator S: [0, R] x Cgr — Cg,

R )\’ S
S(x,u):/r ¢*1LN_1/0 gN*lg(W(g)t)dg]ds. (2.63)

Again, we see that S is completely continuous and note that S(1, -) = Tp.

One proves the existence of a fixed point of Tp, and hence of a positive solution to (2.51),
by using suitable a priori estimates and degree theory. Indeed, one may show that there
exist R > 0 and €p > 0 such that

deg; s(I — To, B(0, R1),0) =0



