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Table 4.1

Measure of flatness u-space Gradient ∇E[u] Steepest descent

E[u] = h(u) Rn
(

∂h
∂u1

(u), . . . , ∂h
∂un

(u)
)

u′(t) = −∇h(u(t))

E[u] =
∫

Ω |∇u|2 dx L2(Ω) −∆u ut = ∆u

E[u] =
∫

Ω |∇u|2 dx W 1,2
0 (Ω) u ut = −u

E[u] =
∫

Ω

√

1 + |∇u|2 dx L2(Ω) −div
(

∇u√
1+|∇u|2

)

ut = div
(

∇u√
1+|∇u|2

)

=
∫

∂Ω
ut

∇u
√

1 + |∇u|2
· ν dS −

∫

Ω
div

(

∇u
√

1 + |∇u|2

)

ut dx(4.16)

=

(

−div

(

∇u
√

1 + |∇u|2

)

, ut

)

L2(Ω)

,(4.17)

assuming, for instance, ut = 0 on ∂Ω. Thus, the law of steepest descent in L2(Ω) with
flatness measured by the surface area function is

(4.18) ut = div

(

∇u
√

1 + |∇u|2

)

.

The right-hand side of (4.18) represents the mean curvature of the surface u, and this
law is known as flow by mean curvature. That is, mean-curvature flow is the most
efficient way of decreasing the surface area integral in L2(Ω). Flow by mean curvature
is another active area of research, and we refer the reader to [9, 7, 3] and the references
therein for more on this fascinating subject.

The methods indicated here are also of interest for numerical applications. For
instance, in numerical methods, a subject of current interest is the choice of Hilbert
space, and hence the gradient, and its impact on numerical algorithms for steep-
est descent methods. Of particular importance for differential equations is the use
of Sobolev spaces, their associated Sobolev gradients, and rates of convergence for
steepest descent methods [11].

Table 4.1 summarizes our study of the second fundamental question of this paper.

5. Classroom Notes. Before discussing either of the fundamental questions in
a particular class, it may be useful to leave students with the question at the end
of the previous lecture to allow them sufficient time to develop possible approaches.
Although the calculations in section 2 were presented in R2, depending on the class,
the same calculation could be worked out in Rn, the only difference being the surface
measure on the boundary on the sphere. One might also want to prove Liouville’s the-
orem for Rn (a bounded harmonic function u : Rn → R is constant) as an application
of the mean-value property of harmonic functions.

Finally, in order to make the material accessible to a broad range of undergradu-
ates, we have been slightly carefree with the introduction and use of function spaces.
To properly handle such notions would require a discussion of weak derivatives or gen-
eralized functions (see, e.g., [1]). For example, the calculations for the heat equation
and mean-curvature equation are rigorous in the function space W 2(Ω) ∩ W 1,2

0 (Ω).
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These issues lead to interesting properties of the various gradient flows. For instance,
the heat equation will instantaneously flow L2(Ω) initial data into W 1,2

0 (Ω), while the
gradient flow ut = −u requires W 1,2

0 (Ω) initial data to begin with, and no further
regularity is introduced. Mean-curvature flow can also lead to singularities in finite
time [14]. These topics may be nice for class projects, or the instructor may wish to
emphasize that the calculations only really hold for sufficiently smooth functions in
the given spaces. The hope is that the ideas contained herein will motivate students
to seek answers to these deeper questions.
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[8] J. Heinonen, T. Kilpeläinen, and O. Martio, Nonlinear Potential Theory of Degenerate

Elliptic Equations, The Clarendon Press, Oxford University Press, New York, 1993.
[9] G. Huisken, Flow by mean curvature of convex surfaces into spheres, J. Differential Geom.,

20 (1984), pp. 237–266.
[10] J. Marsden and A. Tromba, Vector Calculus, 5th ed., W. H. Freeman, New York, 2003.
[11] J. W. Neuberger, Sobolev Gradients and Differential Equations, Lecture Notes in Math. 1670,

Springer-Verlag, Berlin, 1997.
[12] J. Oprea, The Mathematics of Soap Films: Explorations with Maple, Stud. Math. Libr. 10,

AMS, Providence, RI, 2000.
[13] R. Osserman, A Survey of Minimal Surfaces, 2nd ed., Dover, New York, 1986.
[14] M. Struwe, Evolution problems in geometry and mathematical physics, in Prospects in Math-

ematics (Princeton, NJ, 1996), H. Rossi, ed., AMS, Providence, RI, 1999, pp. 83–101.
[15] W. A. Veech, A converse to Gauss’ theorem, Bull. Amer. Math. Soc., 78 (1972), pp. 444–446.




