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Theorem: Let N be a finite non-negative integer valued random variable
so that p, = P(N = k) for k = 0,1,2,..., and Y ;- ypr = P(N < +o0) = 1.
Let @ be the generating function of N so that ®(s) = E(s") = > 72 s*ps, with
®(1)=1. If0<p; <1land E(N)=d'(1) <1, then there is no solution of the
equation ®(s) = s in the interval [0,1). If E(N) = ®'(1) > 1 (which implies
that 0 < p; < 1), then there is a unique solution of the equation ®(s) = s in
the interval [0,1).

Proof: Let ¥(s) = ®(s) —s. Then

U (s) = @"(s) = Y k(k—1)s""2p > 0
k=2
so that W is convexr with ¥(1) = 0. Moreover,

(o)
V(s)='(s)—1=Y k" 'pp —1<B(N) -1
k=1
for s € [0,1). Hence, if 0 < p; < 1 and E(N) < 1, then ¥'(s) < 0 for s € [0,1)
and the equation ¥(s) = 0 has no solution in this interval. On the other hand,
if E(N) > 1, then ¥/(1) > 0 and ¥’(0) = p; — 1 < 0 with ¥(0) = py > 0. Thus,
there is a unique solution of the equation ¥(s) = 0 in the interval [0, 1).

Question: What happens if p; = 17

Continuity Theorem: Suppose that {X,, : n =1,2,3,...} are finite non-
negative integer valued random variables so that P(X, = k) = pfﬁn), for n =
1,2,3,..., k=0,1,2,..., with 32 p\™ = 1, forn = 1,2,3,.... Let ®, be the
pgf for the random variable X,,. Then there exists a sequence {py} such that

lim p,(cn) =pi for k=0,1,2,...

if and only if there is a function ®(s) defined for 0 < s < 1 such that

n—oo

lim ®,(s) = lim Zskp,(f") =®(s) for 0 < s < 1.
k=0



In this case, ®(s) = > p—, s"px. Moreover,
> pe = 1iff lim®(s) = 1.
o sT1

Proof: First suppose that there exists a sequence {py} such that
lim p,(cn) =pgfor k=0,1,2,....
n—oo

Note that in this case we have 0 < pr, < 1 for £k = 0,1,2,... and, in fact,
> neo Pk < 1. Hence, ®(s) = Y 32, s"py is actually well defined for 0 < s < 1.
So, given s € (0,1) and ¢ > 0, choose K so that Y ;7 . s* < /2. Then
observe that

K 0o
[®a(s) — 2(s)| < DI —pel + D0 s
k=0 k=K+1
Therefore, if we choose M so that whenever n > M we have

K
Sl - pel < e/2,
k=0

we see that if n > M then |®,(s) — ®(s)| < e.
For the converse, assume that there is a function ®(s) defined for 0 < s < 1
such that

lim ®,(s) = lim Zskp,gn) =d(s) for 0 < s < 1.

n—oo

Suppose that {p,(fn/)} is a convergent subsequence of {p,(cn)}, i.e.

Jim pz(cn,) = Dk
exists Vk. Then,
lim @,/ (s) = ®(s)
n' o0
so that ® is the generating function of {py}. Consequently, every convergent
subsequence of {p,i”)} must have the same limit, namely {p;}. By using a
diagonal argument one can show that, in fact, every subsequence of {p,(cn)} has a
further subsequence that does converge. Therefore, the original sequence {p,(c")}
must be convergent, with limn_,oop,(en) =pgfor k=0,1,2,....
The result

o0
> pr =1iff lim®(s) =1
o sT1

is a direct consequence of the fact that

lim®(s) = .
lim (s) kz_opk



