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Theorem: Let N be a finite non-negative integer valued random variable
so that pk = P (N = k) for k = 0, 1, 2, . . ., and

∑∞
k=0 pk = P (N < +∞) = 1.

Let Φ be the generating function of N so that Φ(s) = E(sN ) =
∑∞

k=0 skpk with
Φ(1) = 1. If 0 ≤ p1 < 1 and E(N) = Φ′(1) ≤ 1, then there is no solution of the
equation Φ(s) = s in the interval [0, 1). If E(N) = Φ′(1) > 1 (which implies
that 0 ≤ p1 < 1), then there is a unique solution of the equation Φ(s) = s in
the interval [0, 1).

Proof: Let Ψ(s) = Φ(s) − s. Then

Ψ′′(s) = Φ′′(s) =
∞∑

k=2

k(k − 1)sk−2pk ≥ 0

so that Ψ is convex with Ψ(1) = 0. Moreover,

Ψ′(s) = Φ′(s) − 1 =
∞∑

k=1

ksk−1pk − 1 ≤ E(N) − 1

for s ∈ [0, 1). Hence, if 0 ≤ p1 < 1 and E(N) ≤ 1, then Ψ′(s) < 0 for s ∈ [0, 1)
and the equation Ψ(s) = 0 has no solution in this interval. On the other hand,
if E(N) > 1, then Ψ′(1) > 0 and Ψ′(0) = p1 − 1 < 0 with Ψ(0) = p0 ≥ 0. Thus,
there is a unique solution of the equation Ψ(s) = 0 in the interval [0, 1).

Question: What happens if p1 = 1?

Continuity Theorem: Suppose that {Xn : n = 1, 2, 3, . . .} are finite non-
negative integer valued random variables so that P (Xn = k) = p

(n)
k , for n =

1, 2, 3, . . . , k = 0, 1, 2, . . ., with
∑∞

k=0 p
(n)
k = 1, for n = 1, 2, 3, . . .. Let Φn be the

pgf for the random variable Xn. Then there exists a sequence {pk} such that

lim
n→∞

p
(n)
k = pk for k = 0, 1, 2, . . .

if and only if there is a function Φ(s) defined for 0 < s < 1 such that

lim
n→∞

Φn(s) = lim
n→∞

∞∑
k=0

skp
(n)
k = Φ(s) for 0 < s < 1.
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In this case, Φ(s) =
∑∞

k=0 skpk. Moreover,
∞∑

k=0

pk = 1 iff lim
s↑1

Φ(s) = 1.

Proof: First suppose that there exists a sequence {pk} such that

lim
n→∞

p
(n)
k = pk for k = 0, 1, 2, . . . .

Note that in this case we have 0 ≤ pk ≤ 1 for k = 0, 1, 2, . . . and, in fact,∑∞
k=0 pk ≤ 1. Hence, Φ(s) =

∑∞
k=0 skpk is actually well defined for 0 ≤ s ≤ 1.

So, given s ∈ (0, 1) and ε > 0, choose K so that
∑∞

k=K+1 sk < ε/2. Then
observe that

|Φn(s) − Φ(s)| ≤
K∑

k=0

|p(n)
k − pk| +

∞∑
k=K+1

sk.

Therefore, if we choose M so that whenever n ≥ M we have

K∑
k=0

|p(n)
k − pk| < ε/2,

we see that if n ≥ M then |Φn(s) − Φ(s)| < ε.
For the converse, assume that there is a function Φ(s) defined for 0 < s < 1

such that

lim
n→∞

Φn(s) = lim
n→∞

∞∑
k=0

skp
(n)
k = Φ(s) for 0 < s < 1.

Suppose that {p(n′)
k } is a convergent subsequence of {p(n)

k }, i.e.

lim
n′→∞

p
(n′)
k = pk

exists ∀k. Then,
lim

n′→∞
Φn′(s) = Φ(s)

so that Φ is the generating function of {pk}. Consequently, every convergent
subsequence of {p(n)

k } must have the same limit, namely {pk}. By using a
diagonal argument one can show that, in fact, every subsequence of {p(n)

k } has a
further subsequence that does converge. Therefore, the original sequence {p(n)

k }
must be convergent, with limn→∞ p

(n)
k = pk for k = 0, 1, 2, . . . .

The result
∞∑

k=0

pk = 1 iff lim
s↑1

Φ(s) = 1

is a direct consequence of the fact that

lim
s↑1

Φ(s) =
∞∑

k=0

pk.
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