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Characteristic Functions: The probabilistic name for the Fourier trans-
form of the distribution of a random variable is the Characteristic Function. In
other words, if X is a random variable with CDF Fx, then the characteristic
function of X, or more properly of Fx, is defined for £ € R to be
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Fy(t) = B (%) = / ¢t APy (z).
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Properties: Characteristic functions have similar properties to other trans-
forms, such as generating functions, although some of them are more difficult
to prove than for the case of generating functions. For example:

1. The characteristic function of the sum of independent random variables is
the product of the characteristic functions of each of the random variables.

2. The characteristic function uniquely determines the distribution.

3. Convergence in distribution is equivalent to pointwise convergence of the
corresponding characteristic functions.

4. Change of location and scale: Suppose ¢ > 0 and g € R. Then

ng+” (t) - B (ez’t(aX+u)) — ez’tuﬁvx (O't).
Examples: Here are a few characteristic functions that can be very useful.

1. Suppose X is Bernoulli with probability of success p. Then

Fx(t)=e"p+(1—p)=1-p(l—e).

2. Consequently, if Y is binomial(n, p) then
Fy(t)=[e"p+(1-p)]" = [L-p(1-eM)]".
3. Suppose X is Poisson with parameter A > 0. Then

Fx(t) = e e = e 21-¢"),



4. Suppose Z is standard normal, i.e. N(0,1), so that Z has density

for x € R. Then ,
Fa(t) = e 2 = Vamp(t).

5. Consequently, if X is normal(u,0?), i.e, X ~ 0Z + pu where Z ~ N(0,1),
then

Fx(t) = eltﬂFz(Ut) = ¢itre™o *t /2

Joint Characteristic Functions: If X = [X, X5,...,X,]7 is a random
n-vector, then the characteristic function of X, or of the distribution of X or of
the joint distribution of X1, Xo, ..., X,,, is defined for u” = [uy, ua, ..., u,] € R"
by

P = B (e7X) = p (sfn ¥rua¥toin ).

Properties: Many of the properties of joint characteristic functions are the
same. For example:

1. The joint characteristic function of the sum of independent random n-
vectors is the product of the joint characteristic functions of each of the
random n-vectors.

2. The joint characteristic function uniquely determines the joint distribu-
tion.

3. Convergence in distribution is equivalent to pointwise convergence of the
corresponding joint characteristic functions.

However, there is one new property, similar to that of joint generating func-
tions, namely: the random variables X7, X5, ..., X, are independent if and only
if the characteristic function of their joint distribution is the product of their
individual characteristic functions. In other words, for all [u1, ug, ..., u,] € R,

FX(U) — B (ei(u1X1+u2X2+u.+un n ) HE zu] J f[

Definition: The random n-vector X7 = [X1, Xa, ..., X,,] is (or the random
variables X7, Xo, ..., X,, are) said to have a joint normal distribution if and only
if the random variable

'LLTX = ’LL1X1 + ’LL2X2 + -+ Uan

is normally distributed for every u” = [uy,us,...,u,] € R". (Note that we
consider constant random variables to be normally distributed with variance 0.)



Theorem: X, X5, ..., X, have a joint normal distribution if and only if the
characteristic function of their joint distribution is:

. T T
Fx(u) — U U Eu/27

where p is a vector (which is called the mean vector), with components p; =
E(X;), and ¥ is a non-negative definite symmetric matrix (which is called the
covariance matrix), with entries 0%, = cov(Xj, X).

Proof: First suppose that Xi, X5, ..., X, have a joint normal distribution.
Then if u” = [u1, us, ..., u,] € R", we know that the random variable

V=uI'X=uX; +uXo+- - +u X,
has a normal distribution. Furthermore,
EW'X)=u"y and Var(u?X)=u"Su.
Consequently,
Fx(u) =F (ei("TX)) =Fy(1) =e™ Hne—u"Bu/2,

On the other hand, if the characteristic function of their joint distribution is as
given and
V= UTX = ’LL1X1 + ’LLQXQ —+ -+ uan,

then for ¢ € R the characteristic function of V' must be

F\/(t) — E(eitV) - B (eit(uTX)> _ Fx(t’u,) — eit(uTﬂ)ef(uTEu)ﬁ/Q.

Thus, by the uniqueness of characteristic functions, V' must be normally dis-
tributed (with mean u” y and variance u? Xu).

Theorem: X, Xo,..., X, have a joint normal distribution with mean vec-
tor p and non-singular (i.e. positive definite) covariance matrix ¥ if and only if
X1, X, ..., X, have a joint density function given for x = [z, 2o, ..., z,]T € R"
by

1
Ix@) = G )iz

Proof: Because of the uniqueness property of joint characteristic functions,
it suffices to show that for every u? = [uy,ug, ..., u,] € R", we have

—(@=p)TS " (@-p)/2,

.o 2T T
/ et me(J?) dr = ™ Heu Eu/Q.
n

Note that if this is true, then by letting u = 0 € R we get [p, fx(z) dr =
1. Since fx(z) > 0 for all z € R™, we see that fx must be a joint density
function. In the integral, [, ein'® fx(x) dz, we make a change of variable
y = X7Y2(x — p) or, equivalently, x = p 4 X2y, This is possible since the



positive definite symmetric matrix > has a positive definite symmetric square
root ¥1/2 with inverse which we denote by ©~/2. Note that the Jacobian of
this transformation

d

ET1 — det (21/2) = (det 2)1/2.

dy

Consequently,
. 1 _
iuT,u

_ £ TSV 2y —yTy/2
BRCORE / . ‘ -

Letting v = 2'/2u, we see that u” £y = vy so that
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elu p

n 00
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T Yy y/2 g = gk 7/ ei%ie=Yi/2 du.
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el 1 I | e ’UJ/Q.
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Ty = uT%u, which gives the result.

However, Z?:l v =



