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Let {X,} be a sequence of i.i.d. random variables. The strong law of large

numbers asserts that if
E(]X1]) < oo,

then as n — oo the arithmetic means

X1+ Xo+--+ X,
n

converge to E(X7) with probability one.

In order to consider converses to this theorem, we need some results from
probability theory. Let {X,,} be any sequence of random variables. An event
FE in the o-algebra generated by the sequence is called a tail event if and only if E
belongs to the o-algebra generated by the random variables { X,,, Xp41, Xnt2,-- -}
for every n. For example,
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are tail events. Similarly, if
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exists with probability one, then {X < 0} is a tail event, but if Y ° | X,, con-

verges with probability one, then

{s-x. <]

is not a tail event.



In the special case that the {X,,} are independent random variables, the tail
events have a simple structure which is described by Kolmogorov’s Zero-One
Law: In this case if F is a tail event, then P(E) is either zero or one. The proof
consists of showing that every tail event E is independent of itself so that

P(E) = P(ENE) = P(E)>.

General Converse: Let {X,} be a sequence of i.i.d. random variables.
Suppose that as n — oo the averages

X1+ Xo+-+ X,
n

converge with positive probability. Then
E (|X1|) < 00.

Proof: Let S, = X; + X5 + --- + X,,. Since S, /n converges with positive
probability and the set of convergence is a tail event, we must actually have
convergence with probability one. Moreover,
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so that X, /n converges to 0 with probability one. Consequently,

P({2z|2 1) i) =0

and hence, by the converse Borel-Cantelli lemma,
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However,

E(Xi) <) nP(n-1<|Xy[<n}) =1+ P{|Xi|=n}).

n=1

Note that if F (]X1|) = oo, then we see that {S,/n} cannot converge on a set
of positive probability. In other words,

P ({liminfsn < limsupS"}> =1.
n—oo n n—oo n



Special Converse: Suppose that {X,,} is a sequence of i.i.d. non-negative
random variables and E(X;) = co. Then as n — oo the averages

X1+ Xo+--+ X,
n

diverge to oo with probability one.
Proof: Let a > 0 and define the truncated random variables

o | Xpif X, <o
X"_{ aif X,, > a.

Then 0 < X < X,, and hence, with probability one,

X1+ Xo+--+ X, S
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= B(X7).

Letting a T oo gives the result since E(X¢) T E(X7).



