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Theorem: Let &y, &1, &s, . .. be independent random elements of a set E/, with
&1,82,&3, ... identically distributed. Let g: E — Sand h: § x E — S. Define
Xo = g(&) and, for n > 0, define X,, 11 = h(X,,,&r+1). Then {X,, :n >0} is a
Markov Chain on S.

Proof: First note that, by induction, X, is a function of the random el-
ements &y,&1,...,&,. Since &,41 is independent of &y, &1, ...,&,, we see that
,,,,, X,,. Consequently, we can verify the Markov
property (for a discrete state space) as follows:

P(Xn+l = Tn+1 ‘Xn =Tn, Xn-1=Tn-1,---,X0 = .’EO)

= P(h(Xn7§n+1) = Tn+1 |Xn =ZTn, Xpn-1=Tn—1,---,X0 = xO)

= P(h($n7£n+1) = Tn+1 |Xn = :Cnan—l = Tp—1y--+, Xo = IO)

= P(h(zn,ént1) = Tni1)

= P(h('rn7§n+1) = Tn+t1 |Xn = mn)

= P(M(Xn,§nt+1) = Tny1 [ Xn = 70)

- P(X7L+1 = Tn+1 |Xn - xn)-

The proof for a general state space is similar.

An interpretation of this theorem is that, for each { € E, he = h(-,§) is
a mapping from S into & and the Markov Chain proceeds by iterating the
independent identically distributed maps he,, he,, he,, . ... In other words,

X1 = WXo, &) = he, (Xo),

Xo = WX1,82) = he, (X1) = (he, 0 he, ) (Xo),

X3 = h(X27§3) = hEs (XQ) = (hEB o hfz © h§1)(X0)a
etc.

If we refer to the process {X,, : n > 1} as the forward process generated by
the maps {he, : n > 1}, we can also construct a backward process {Y;, : n > 1}
generated by the maps {he, : n > 1} by letting

Y, = (hg1 ohg,0---0 hg,,L)<X0)~



