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Let N be a random variable with values from the set {+00,0,1,2,...}. Then
N is referred to as a non-negative integer valued random variable. Letting
pr=P(N =k) for k=0,1,2,..., we see that

Zpk = P(N < 400) and P(N = +o00) = 1 — Zp;c.
k=0 k=0

If P(N = +00) = 0, then N is said to be finite with probability one or simply
finite valued.

Convolutions: If N and M are independent non-negative integer valued
random variables, with p, = P(N = k) for K =0,1,2,... and ¢; = P(M = j)
for 7 =0,1,2,..., then N + M is another non-negative integer valued random
variable with distribution given by

ri=P(N+M =i) = Z Prqj = Zpquek
ket j=i k=0

for i =0,1,2,.... In this case we write {ry} = {px} * {qr} and say that {ry} is
the convolution of {py} and {qx}.

Expectations: If P(N = +o00) > 0, then E(N) = +o00. Otherwise,
E(N)=> kpr=>» kP(N =k).
k=0 k=1

Note that 0 < E(N) < 400, with E(N) = 0 if and only if P(N > 0) = 0.
Moreover, we have the alternate formula

oo o
E(N)=> P(N>k)=>» P(N>k),
k=1 k=0
which also holds even if P(N = +o0) > 0.

Stopping Times: Let {X, : n = 1,2,3,...} be a sequence of random
variables defined on a space 2 and let 7 be a non-negative integer valued random



variable also defined on Q. Then 7 is called a stopping time with respect to { X, }
iff Vn > 0 the event {7 = n} is independent of {X}, : £ > n}. In other words, the
event {7 = n} can depend at most on the random variables {X7, X5 ..., X, }.
Note in particular that the event {7 > n} = {7 < n}° is independent of X,,.

Clearly, 7 is a stopping time if 7 is independent of all of the {X,,}. Another
common way to construct a stopping time is to let A be an event in the range
of the {X,,} and let 74 be the hitting time of A, namely:

TA(w) = inf{n : X, (w) € A}.

One of the most important results involving stopping times is the following:

Wald’s Lemma: Suppose the {X,,} are identically distributed with com-
mon finite mean E(X). Let 7 be a stopping time with respect to {X,,} with
E(t) < co. Define the random sum Y ;_; X) to be 0 when 7 = 0 and to be
> or_y Xi when 7 =n > 1. Then,

E (Z Xk> = B(X)E(r).
k=1

Proof: We give the argument only for the case in which the {X,,} are non-
negative (in which case the finiteness of the expectations is irrelevant), so that
interchanges of infinite sums and expectations can always be done. Therefore,
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since {T > k} is independent of Xj;. But the {X,} are identically distributed
with common mean E(X) and hence

E (iXk> = E(X)iP(T > k)= E(X)E(r).
k=1

k=1

Generating Functions: For 0 < s <1, let
o0
O(s)=po+spr+spat- = Fpi.
k=0

Then ®(s) is called the generating function of the sequence {py} or, less precisely,
of the random variable N. Note that, for 0 < s < 1, ®(s) = E(s") since in



this case s7°° = 0. Furthermore, note that ®(0) = po and ®(1) = Y7 (pr =
P(N < +o00). Since each pr, > 0 and 0 < Y72 pr < 1, this power series
converges uniformly and is infinitely differentiable for 0 < s < 1. Generating
functions have the following properties:

1. ®(s) uniquely determines {py}, since ®*)(0)/k! = p;, for k =0,1,2,....

2. For0<s <1, ®(s) =Y 7o ks" !pg, so that as s T 1, ®(s) T D pe; kpr,
which is F(N) in the case that N is finite valued. But in that case, we
also see that

1-®(s)  P(s) —P(1)
1—s5 N s—1
= Z(1+s+ +s* Ve
k=1
=25 > m
Jj=0  k=j+1
= Y s/P(N >
7=0

Thus 1_1?(;) is the generating function for the sequence {P(N > k)} and

we have

P(s) — (1)
s—1
In other words, @ is differentiable from below at 1 with

T E(N)ass Tl

(1) = lm #(s) = B(N).

3. Similarly, for n > 1, we get

oM (1) = lim M (s) = E(N(N—=1)--- (N —n+1)),

so, for example:

®"(1) = E(N(N — 1)) = E(N?) — E(N).

4. If N and M are independent non-negative integer valued random variables,
with generating functions ®5 and ®,; respectively, then the generating
function @y of N+ M is given by ®niar(s) = On(s)Pas(s). To see
this note that

Dyiar(s) = E(sVM) = B(sVsM) = B(sV)E(s™) = ®n(s)Pas(s).

In other words, the generating function of the convolution of two sequences
is the product of the generating functions of the individual sequences, a
familiar result for many transforms.



5. Suppose {X,, } are independent, identically distributed, finite non-negative
integer valued random variables which have a common generating function
®x, (s) = E(s*1). Let N be non-negative integer valued, independent of
the {X,,}, with generating function ®x(s) = E(s"). Then the random

sum S = Z,ivzl X has generating function ®g given by
Ps(s) = Pn (Px,(s))-

This result follows by conditioning on the value of N and using its inde-
pendence from the {X,} as follows:

Dg(s) = E(sZh=1 k)= P(N =0)+ i E(sXt=1 X¢|N = n)P(N = n)

n=1

= P(N=0)+ ) E(s¥1 XN =n)P(N =n)
n=1

= P(N=0)+) E(s¥i=1**)P(N =n)

= P(N=0)+) [&x,(s)]" P(N =n) =y ($x,(s))-

One important use of this result is to give an alternate proof of Wald’s
Lemma in this case. Using the chain rule we see that

B(S) = @5(1) = @y (Px, (1)) Py, (1) = (1), (1) = BE(N)E(Xy).



