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Abstract

We generalize to the bidisc a theorem of Garnett and Jones relating the space BMO
of functions of bounded mean oscillation to its martingale counterpart, dyadic BMO.
Namely, translation-averages of suitable families of dyadic BMO functions belong to
BMO. As a corollary, we deduce a biparameter version of a theorem of Burgess Davis
connecting the Hardy space H! to martingale H'. We also prove the analogues of the
theorem of Garnett and Jones in the one-parameter and biparameter VMO spaces of

functions of vanishing mean oscillation.
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1 Introduction

Garnett and Jones [GJ] introduced a method for obtaining decomposition theorems for
the space BMO of functions of bounded mean oscillation by a reduction to the dyadic
space BMOQOy, involving averaging over the translations of a family of functions. Specifically,

they concluded the following theorem.

Theorem 1 (Garnett—Jones). Suppose that o — ¢* is a measurable mapping from R™
to the space BMOy4(R™) of functions of dyadic bounded mean oscillation such that all ¢*(x)

have support a fized dyadic cube, such that ||¢*||la < 1 and such that

/ ©*(z)dx = 0.

Then

is in BMO(R™) and ||en||« < C.

In this paper we work in the setting of the circle T, and later the bidisc T ® T, rather

than R™. For instance, in the circle setting the object of interest is the translation-average

o(x) = /01 %z + o) da

of a family of BMOy(T) functions. Here z + « is to be understood as z + o mod 1.
Theorem 1 (unnumbered in [GJ]) follows implicitly from a stopping-time argument in
their proof of a theorem of Carleson. We present in Section 3 a proof, for the circle, which
does not require a stopping-time argument. Our method, together with Journé’s lemma,
allows us to prove a biparameter version of Theorem 1 for the Chang—Fefferman space of
BMO functions on the bidisc (Theorem 2). We also prove similar results for the VMO spaces
of functions of vanishing mean oscillation on the circle and on the bidisc. As a corollary of
Theorem 2, we obtain a biparameter version (Theorem 6) of a theorem of Davis [D], namely

that almost every translate of an H' function belongs to dyadic H'.



The inherent difficulty in working with the multiparameter BMO and VMO spaces is the
structure (or rather, the lack of structure) of the open sets. In the one-parameter setting
open sets reduce to unions of disjoint intervals, but an open set in R? has no canonical
decomposition in terms of collections of disjoint rectangles. However, the geometric decom-
position in Journé’s lemma can permit a reduction to rectangles for certain estimates, and
for ours in particular.

The paper is organized as follows. We recall some definitions (Section 2) and give a proof
of the BMO result on the circle (Theorem 2 in Section 3). We prove the analogous result
for VMO in Section 4. In Section 5 we prove the averaging result in the setting of BMO of
the bidisc, as well as the generalization of Davis’s theorem to H! functions on the bidisc.
Section 6 contains our proof of the averaging theorem for VMO of the bidisc.

We thank Sergei Treil for helpful conversations about Davis’s theorem.

2 Definitions

A real-valued function f € L'(T) is in the space BMO(T) of functions of bounded mean

oscillation on the circle if its BMO norm is finite:

1
£l := itcl]% il /l |f(z) = (f)1]de < oc.

Here (f); := (1/|1]) [; f(z) dz is the average value of f on the interval I, and the circle T
is the interval [0, 1] with endpoints identified. Dyadic BMO of the circle, written BMO4(T),
is the space of functions which satisfy the corresponding estimate where the supremum is
taken over all I € D, where D = DJ0, 1] is the collection of dyadic subintervals of [0, 1]. The
dyadic BMO norm of f is denoted || f||4-

We use a characterization of the dyadic BMO functions on the circle in terms of the size



of Haar coefficients. The Haar function associated with the dyadic interval [ is

)
1|72, ifz el

hi(x) = —|I|7Y/2, ifz € I,

0, otherwise.

\

As usual [; and I, are the left and right halves, respectively, of the interval I. The Haar

coefficient over I of f is
fr=_(fh1) = / f(x)hi(z) dx,
I
the Haar series for f is

fl@) = (f,hr) hu(2),

1eD

and the L%norm of f is

1 fllaz =Y (f )

JeD
It follows from the John-Nirenberg Theorem [G, p.230] that for each p > 1, for f € L*(T)

the expression

1/p
112y = sup (ﬁ [ 156 - (f)f\”dx)

is comparable to the dyadic BMO norm || f||4.
In particular, a function f € L'(T) of mean value zero is in BMOg4(T) if and only if there
is a constant C' such that for all [ € D,
>, (L)<l (1)
Jcl,JeD
Moreover, the smallest such constant C' is equal to || f]|7,.

Note that since the sum in (1) ranges over dyadic intervals only, there is no need to
restrict the interval I itself to be dyadic. Here the notation J C I includes the case J = [ if
I is dyadic; we will also use the notation ) ;- and }_ -, for clarity.

A function is in BMO if and only if it satisfies (1) with a continuous wavelet expansion
replacing the Haar series. When we define BMO on the bidisc, we will make use of the

particular representation employed in Chang—R. Fefferman [CF1980].

4



On the bidisc T ® T, we have an expansion of functions in terms of a double Haar series
f(ZL') - Z (f7 hR)hR<x))
ReDRD

where R denotes a dyadic rectangle R =1 x J and hg = h; ® hy.

Definition 1 (Dyadic product BMO). A function f € L'(T®T) belongs to BMO4(T®T)
if there exists a constant C' such that for every open set €2,
Y (fhr)*<CIQ (2)
RCQ,REDOD
See [B], and also [BP] for equivalent definitions.

We now define BMO on the bidisc, recalling first the concept of the Carleson region
associated to an open set. For an interval I, the associated Carleson box in the upper half-
plane is T'(I) := I x (0,length(I)). For a rectangle R = I x J, the associated Carleson box
in the product upper half-plane is T'(R) := T'(I) x T'(J). For an open set 2 in the bidisc,
define T'(Q2) := Upcq T(R).

Let 1(z) be a smooth function supported on [—1,1] with mean value zero, and define
the usual dilation ¢, (z) := y~*(x/y) for y > 0. In what follows we write z = (1, x2),
y = (y1,y2), and t = (t1,%2), and abbreviate the product v, (z1)1y,(x2) by 1¥,(z). Thus for

f defined on the bidisc, the expression f * ), (z) denotes the iterated convolution

f by (@1)hy, (22) = / / flar = ti, ma — )y, (t1)1hy, (t2) dtrdts.

When the function v is radial and satisfies the additional property

/ TPt oy,
0 t

one has the Calderén—Torchinsky representation for f € L?:

dtydtody dys
Y1y2 '

f@) = [[ 1,00, -

See [CF1980]. This representation in turn leads to a wavelet expansion of f, by decomposing

the product upper half-plane into disjoint dyadic regions corresponding to top halves of
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Carleson boxes. Specifically, if for I dyadic of length |I| we set I™ = I x (|I]/2,|I]), and for
R=1xJweset R" =17 x J", then
dt1dtody, dy
Z//f*¢y¢y py Grdtadyidys
REDRD Y192

The following definition, from [C], therefore gives the (continuous) wavelet analogue BMO

of BMOd

Definition 2 (Product BMO). A function f belongs to BMO(T ® T) if there exists a

constant C' such that, for all open sets €2, the Carleson-measure condition holds:

dt1dtody, dy
/ / ey T8 o) (3)
T(Q) Y1y2

We defer the definitions of VMO(T), VMO,4(T), VMO(T ® T), and VMO4(T @ T) to
Sections 4 and 6.

3 BMO(T) from averaging BMO,(T)

We give a proof of the Garnett—Jones theorem on the circle T.

Theorem 2. Suppose that * € BMO4(T) for each o € [0,1], a +— ¢ is measurable, and
the BMOy norms of the functions ¢® are uniformly bounded: there is a constant Cy such
that

™ lla < Cq

for all a € [0,1]. Suppose also that

/ e*(z)dr =0 for all a € [0,1].
T

Then the translation-average

is in BMO(T).



Proof of Theorem 2. Using the Haar expansions of the functions %, we write the translation-

average p(r) as

1

go(a:):/o ¥ (r+a)da = Z(g@o‘,hf)hf(:c~l—a)da

0 f1ep

_ / S5 (6% ) el + ) da

neN IeD,

- Z/o Z (% hy) hi(x + a) do

neN 1€D,,

= Z/l on(z + a) da

neN 0

= Z ‘:On(x)

neN

Here D, :={l € D } |I| =27} for n € N, and we have set

pnlz) =Y (¢ ) ha(2)

1€D,

and

n() :=/O so%(wa)da:/ > (¢* hy) hi(z + @) da.

0 rep,

Fix an interval () C T, not necessarily dyadic. Let N be the unique non-negative integer
such that

27Nl < < 27N,

We split the sum, at the scale of |@Q)|, into two parts ¢ 4 and ¢ in which the dyadic intervals [

are respectively small and large compared with @):

p=paten  pal)= > @), es)= > eulx)

n:2="<|Q| n:27">|Q)|
To prove that ¢ belongs to BMO, it suffices to show that there are constants C'y and C'p
independent of (), and a constant ¢ depending on (), such that

ﬁ /Q pa(@)Pdz < Ca, (4)
ﬁ /Q o5(z) — coldz < Cp. (5)
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We begin with inequality (4). The left hand side is

][|<,0A(x)|2dx = ][ Z / op(x + a) da dx
Q n:2-n<|Q|
2
< /][ on(x + a)| dzdao. (6)
ni2-<(Q)

Fix an a € [0,1]. We shall provide a uniform estimate of the a-integrand in the last line
of inequality (6). Let Q. := Q — a be the translate of Q to the left by a. So 27V~! < |Q,| <
2=V Now (), may be covered by at most two adjacent dyadic intervals Q;, Qo of length
Q1] = |Q2] =27V, so that |Q1 U Q2| < 4|Q,|. We obtain

cIARS |

on(r+a)| dr

n:2=7<|Q|

B |@1a| /Q

1
|QO¢| Q1UQ2

_ |Q1 U Qs
’Qa| Q1UQ2 n:2-n<|Q|

§2f1 > gog(:c)deJrz][Q

n:2=7<|Q|
The interval () is dyadic and the functions ¢® are uniformly bounded in BMOy, so as

2
dx

> ph(x)

n:27"<|Q)|

> pi(a)

n:27"<|Q)

2

dx

2

en(r)| d

2

dz.

> ph(x)

n:27"<|Q)|

in our discussion of equation (1) there is a constant C,; independent of (); such that for all

aeT
> (% ) < Cal@ul. (7)
I1CQ1,I€ED
Therefore
2 1 2
][ Z 902‘(33) dr = |Q| Z (Qpaahf)hf
1l pa—nqq) U repqu)
= Z (@a’h1)2
rw@ <
< (4.



Applying the same argument to ()2 and integrating over a € [0, 1], we obtain inequality (4).

We turn to inequality (5). Recall that @ is a fixed interval in the circle T, not necessarily

dyadic. Also
pp(r)= Y @nl2).

]

Fix a point g € (). For instance, let xo be the left endpoint of (). Let

¢q = ¢B(To) = Z n(20)-

]

Then, writing I, := I — a when [ € D,,, we have

]{2 lop(x) —cgl dz = ]{2 M%@ /01 IGZDn (%, hy) [hl(:z: +a) — hr(zo + a)] doa| dx
- n:2;2|62 ]{2 0 Iezpn (% ) [hla (z) - hIO“(xO)] doy| dz. (8)

We must show that this last expression is bounded by some Cpg, independent of ). Let

In(x, T0) = /01 Z (¢*, hr) [hla (x) — hy, (xo)] do.

1€Dy,,

For fixed z € Q, z¢ € @, the expression hy (x) — hy, (o) will be zero for many values of a.
We have |z — zo| < |Q| < |I|. We consider two cases: (i) when |z — xo| < |I|/2, and (ii)
when |1]/2 < |z — x| < |I]. In case (i), the expression hy, (x) — hy, (x¢) can only be non-zero
in two situations. First, h; () — hy (x¢) is non-zero when « is such that the midpoint of
1, falls between x and xq. This happens exactly when « lies in a particular interval, call it
Ay woa, of length |z — xo|. Second, hy, (x) — hy,(xo) is non-zero when one of the endpoints
of I, falls between x and z,. This happens exactly when « lies in a set, call it By 4, 1,
consisting of the union of two intervals each of length |x — z(|. In the first situation, the
value of |hr, (z) — hy(20)| is 2|I|7'/2, and in the second situation it is [I|~'/2. In short,
\hy, (z) — b, (z0)| < 2/I|7Y2 when o € E, 41 = Apzgs U Bawgs, and |hy, (x) — by, (2)] = 0

for all other a. Here |E, 4, 1| < 3|z — o]



In case (ii), |I|/2 < |x —zo| < |I], and so = and x never fall in the same half of ,. Then
hy,(x)—hy, (zo) can only be non-zero when « lies in one single interval, call it E, ,, 1, of length
|Eyzot| = |I] + |2 — 20| < 3|z —20]. When a € E, 4,1, we have |y (z) — hy, (70)] < 21|72
as in case (i).

We also note the following estimate on Haar coefficients of BMO, functions: for each

a € T and for each I € D,

(Rl < f 1o*(@) = (0l do < 1ol < ©)

where Cy is the uniform bound on the dyadic BMO norms of the functions .

Now we can estimate |g,(x, zo)|, using inequality (9) in the last line:

el = | [ ) @) i, 20)] da
0 IeD,
= Z/ (¢, hr) hIa T) — hfa(xo)} da
IeD,
= Z/ QO h[ h[a<l’)—h[a<£[}0):| da
1€D,, Y Frzo.1
< 2 [t ml| ) - b o
1€D,, Y Ez.20.1
< Z/ (0%, hp)| 2| T2 dov
1€D,, Y Ez.20.1
< 2"-2-Cyq- 3|z — 0. (10)
Therefore, using inequalities (8) and (10), we obtain
][ loB(T) —cq| dv < ][ |gn (2, 20)| dz
Q n:2=">|Q|
< Z fﬁ 2" Cy - |x — x| dx
n:2=">|Q|
= 60y Z f\x—xddw
ni2->(Q)
n Q)
< 6C0 )y, 2
n:2=">|Q|
< 6Cy.
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This proves inequality (5), and hence Theorem 2. O

4 VMO(T) from averaging VMO,(T)

In this section we define the space VMO(T) of functions of vanishing mean oscillation on the
circle, and the corresponding dyadic space VMO,(T). Then we state and prove the averaging
theorem for VMO, namely that translation-averages of suitable VMO4(T) functions belong
to VMO(T).

The space VMO was introduced by Sarason in [S]. A function belongs to VMO if its BMO
norm goes to zero uniformly as the intervals shrink to zero, or equivalently if the function

belongs to the closure of the continuous functions C§° in BMO.

Definition 3 (VMO). A function f € BMO(T) belongs to VMO(T) if for each £ > 0 there

exists a ¢ such that for all intervals I with || < 0,

ﬁ / (@) = ()il de < el1].

Definition 4 (Dyadic VMO). A function f belongs to VMO,4(T) if for each ¢ > 0 there
exists a 0 such that the BMO norm of

Z (f, hp)hs(2)

JED,

|J|<é

1S at most .

Theorem 3. Suppose that the functions p* satisfy the hypotheses of Theorem 2 and in
addition belong to VMOy(T) uniformly: for each e > 0 there is a § such that for all o € [0, 1],

<e.

> (@ hy)ha(x)
[7]<9,
JeD

*

Then the translation-average

is in VMO(T).
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Proof. The proof follows the same lines as that of the BMO result: we split ¢ into two
functions, one corresponding to the part of the expansion over small intervals (this part has
small BMO norm), and the remaining function which is controlled by averaging. Fix an
e > 0. For this €, we have on hand a ¢ that is guaranteed by the uniform VMO condition
on the functions ¢®. Pick a large N = N(g,d) satisfying 27V < §. We aim to find a K such
that if |Q| < 27X then

@!/'¢ Joldr < e.

Split ¢ = 1 + o where

/ > (@ hphi(z + o) da

IeD,
|[I|<2—N

and

/ > (@ hhi(x + o) da

IeD,
|[I|>2—N

We claim that for |Q| < 27 and K sufficiently large,

lp1(x) — (p1)ldx <e. (11)
@l

To see this, fix such a () and make a further split of ¢; as in the proof of Theorem 2:
1 = 1,4 + 1,5, Where

p1.a(x / > (@ hphi(z + o) da

IeD,
|I|<2— K

and

p1,5(2 / Yo (@ h)hi(e+ a)da.

IeD,
2~ K<|I\<2—

Then exactly the same argument as in the BMO situation proves that

1 / 9
| Jpra(@)Pde < 2
QlJo ™

as long as 27K < 4.
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Now, following the argument of equation (8) and with the same notation, we have
1 1
= | lens(r) —coldr < > =] lou(w,zo) de
|Q| Q@ n2=K<2-n<2-N |Q| Q@

where cg = Y, .0-kc9-nco-n Pn(T0).
As before, |hy, (2)—hr, (z0)] < 2|I|71/2, while the difference is only nonzero for a € E, ,, r,

and |E, ., 1| is approximately |z — zo| and therefore bounded by 27%. Note that
i)l < [ (e IR do,
Ez0.1 1€D,,
and this expression is bounded by C2"¢|x — x|, since 27" < §. Thus

1 1
@/Q lo18(x) —cg| de < Z 02”5@/62 |z — x| dz

n:2—K<2-n<2-N

= (Ce Z 2”@

n:2=K<2-nc2-N
K
< CelQ Y2
n=N
= (Ce.

This completes the proof of (11).
To estimate (), for cq = >, -y ¢¥n(x0) We have
31 - 1) —calde < 32 0 [ ante o)l
AT P2(T) — Cq|ar gn (T, 20)| d
@l Jo R ]
and |g,(z, xo)| < C2"|x — x¢|. Thus

1
@/Qm(x)—cmczx < cY 2

n<N

< 027K Z on

n<N
< C27FoN <¢,

if K is chosen sufficiently large. ]
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5 BMO(T ®T) from averaging BMO,4(T ® T)

We work on the bidisc T®T; in other words on [0, 1] x [0, 1] with appropriate faces identified.

Theorem 4. Suppose that p* € BMO4(T®T) for each o = (a1, a2) € [0,1] x [0, 1], a — ¢
is measurable, and the BMOy norms of the functions ¢® are uniformly bounded: there is a

constant Cy such that

™ lla < Cq

for all a € [0,1] x [0,1]. Let x = (x1,25). Suppose also that

/ e*(x)dx =0 for all a € [0, 1] x [0, 1].

o(x) = /01/01 ©*(z + o) da

In [J1985], Journé defined a wide class of multiparameter Calderén—Zygmund singular

Then the translation-average

is in BMO(T ® T).

integrals, and proved a T'(1) theorem characterizing boundedness of these operators. His
geometric observations were synthesized into a covering lemma for open sets in R? [J1986],
which was extended to open sets in R, n > 2, in [P]. For several recent variants of Journé’s
lemma, see [CLMP] and the references therein.

We begin with some definitions.

Definition 5 (Dyadic rectangles in 2). Let € be an open set in T® T. From now on, let
D (rather than D ® D as used earlier) denote the collection of dyadic rectangles R = I x J
in T®T, where I and J are dyadic intervals in T. For a dyadic interval I, let 21 denote the
dyadic parent of I. Define the subcollections M (§2) and My(€2) of D to be the collections

of dyadic rectangles in €2 which are maximal in the first and second components respectively:

Mi(Q) = {R=IxJeD|IxJCQ but 2IxJ¢gQ}
My(Q) == {R=IxJeD|IxJCQ but Ix2J¢gQ}

14



We use the notation M to denote the strong maximal operator:

M f(z) i= sup {ﬁ [ s@yda

RED,ZL‘ER}.

If 2 is an open set in T® T, Q) denotes the following enlargement of €Q:

~ 1
Q= {MXQ>§}.

Thus Q C €, and there is a constant C' such that || < C'|Q] for all open @ € T® T.

Later we will also consider enlargements of enlargements:

= 1

Definition 6 (F;). To each rectangle R = I x J in My (§2) we associate a natural number
k = k(R) € NU{0} as follows. Let 2*I denotes the unique dyadic interval of length 2%|I|

that contains I, and set
k(R) := the largest nonnegative integer such that 27 x J C O

and

Fr = fk(Q) = {R =IxJe MQ(Q) ‘ k‘(R) = k‘}

In other words, R =1 x J C Qisin F if I x J ¢ € and k is the unique integer such
that 251 x J € M;(Q). Each R € My(9) lies in exactly one F, so M(€2) can be written

as the disjoint union

My(Q) = G Fi.

Theorem 5 (Journé’s Lemma). Let 2 be an open set in TQT. Then there is a constant C

such that
> IR < CH Q.
R:REM2(Q),
REFy,
Let

M(Q) := M1(Q) N M3y(Q)
denote the dyadic rectangles in {2 which are maximal in both directions.
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Definition 7 (G;). For [ € N, define

G=G(Q) ={R=1xJeMy) | for the unique k such that R € Fy, [ is the largest

nonegative integer such that 2*I x 2'J C ﬁ}

Then My (2) can also be written as the disjoint union
MQ(Q) == U gl.
1=0
As a corollary of Journé’s lemma, we have an analogous result for the sets G;.

Proposition 1 (Journé’s Lemma for G;). Let Q2 be an open set in T @ T. Then there is

a constant C' such that

> Rl < Q.

R:Reg;
Proof of Proposition 1. Writing R = I x J, we see that

IR = D> >, IR

R:R€EG; k  R:ReGNFy

=y > 27F12FT % J|.

k  R:R=IxJEGNF}
The inner sum is over a collection of distinct rectangles R, and the rectangle R’ = 2*I x .J
belongs to M (). But more than one R can lead to the same rectangle 251 x J € M, ().
Specifically, fix R’ = 2% x J. For each dyadic subinterval I of 2%] of length I, if I x .J €
M5(2), then the rectangle R = IxJ gives rise to R’ again. These are the only rectangles R
that can lead to R’, so there are at most 2* rectangles R in Fj, that can give rise to a given

R' = 2T x J. Now, letting

Mip(Q) == {R' | R € Mi(Q),R € G(Q),R =2"T x J and I x J € F},

we obtain
SIS REIED VID SR I
k  R:R=IxJeGNFy k RIZR,GMZJC(Q)
< ClQ| by Journé’s lemma
< C'/l]Q],
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as required. ]

Proof of Theorem 4. To show that the translation-average ¢ of the BMO, functions ¢ is
in BMO, it suffices to show that there is a constant C' such that for all open sets {2 in the

bidisc T @ T
dty dty dy, d
[[[ ler e TR < (12)

where t = (t1,t2), ¥y = (Y1,%2), Uy(t) = ¥y, (751)1/@2 (tg), ¥ has sufficient decay at the origin,
and T'(Q2) is the union of those regions T'(Ry) such that Ry € M(Q).
For a = (o, a) € [0, 1] x [0, 1], let

Ry =1, X Jo, =1 —a1) X (J— )

be the a-translation of the dyadic rectangle R =1 x J.
Note first that

@ x 1y (t) //0 (", hr) hr, * 1, (t) do

R:ReD

Now hp, * ¥y (t) = [h1,, * ¥y, (t1)] [, * Yy, (t2)] is nonzero only if
Ry N (Iyl (tl) X ]yz(t2)) # 0,

since I, (t1) := [t1 — y1,t1 + y1] = supp ¢y, (t1 — ).
We split the integral over the Haar series into two parts: the part involving ¢ that
sums over those rectangles R, contained in Q and the part involving ©® that sums over

the remaining rectangles. Set
*wy // Z 90>hR hRa*wy()
R:RaCO

Then equation (12) with ¢ replaced by ¢V holds by L?theory. That is, because ||¢|4 < Cy
for all v, we obtain the estimate
dty dty dyy d
J[ 3 e, si 0P T < S (o < )
7(Q)

Y1Y2 ~
R:RaCO R:RaCQ
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and the bound is unchanged when we integrate in a.

Set

(2) (1)

e i=p—¢

Since T(Q) = {T'(Ro) | Ry € M(Q)}, to show that equation (12) holds for ¢ it suffices

to show that
S e e T < ol

Ro:RoeM(Q) 7 /T (Ro) Y192

We use Journé’s lemma for this.

Fix k and [ and a rectangle Ry € F, N Gy, so that 281 x 2LJ < Q. Consider the quantity

/01/01 2 B (%, hRr) hr, * ¥, (t) do

Ra:Ra 79,
RaN3Ro#£0

(Note that for each R, in this sum, we have R, N3Ry # 0, since I, (t1) x I, (t2) C 3Ry.) At

this point, we would like to argue that if the integral is nonzero, then either
Lo, > 25I]  or | Jayl > 20l

or both.
In fact this is only true if in fact we are summing over those rectangles R, not contained

in a (further) enlargement of ﬁ, obtained by doubling the size of rectangles contained in Q

about their centers. To avoid introducing more notation, we’ll assume that Q) has been
so enlarged. Then, it suffices to estimate over each of the following four subcollections of

rectangles:

Case (i): |I,| > 28I but  |Jo,| < 28 Jy| ;
Case (ii): |I.,| > 25[I,|  and  |Ja,| > 2¥|J0] ;
Case (iii): |Jo,| > 2'[Jo]  but  |Ia,| < 2|1 ;

Case (iv): |Ja,| > 2| and [Ta,| > 2Y|1o]
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Case (i). For fixed Ry = Iy X Jy in Fj, N G;, we estimate

/ / o dt dy
R())

where
Cly = ‘// > (9% hg) hp, * (1) da
I Tay |2 |Io| J:|Jay|<2F|Jo|
Let
1
Cj .= Z / (Qpa17a2’ hR) hlal * wyl (tl) dOél.
I:|1|>2%|Io|

Then

2

dty d
2 AY2 < Z CL2]7
Y2 J:Jay C3-2% Jo

Yo ol xy(ty)

J:|Jag |<2%]J0|

[h

by L?-theory. It remains to estimate the quantity

o dtydyr
S gt
To) . j,, 3200 b

For fixed (t1,y1) € T'({p), and fixed I, we have

1
/ (%, hp)hry, %y, (t) da = / (™22, hp)hi,, * Wy (tr) don,
0 E

y1,t1,1

where
Eyl’tl’l = {al } hIocl * @Z)yl(tl) 7& 0} .

By the argument we used in the one-parameter setting,
|Eyy 0,1 < Cyr.

Then, using Cauchy—-Schwarz in the second line,
2

Z / (™% hg) b, * by, (t1) dog

L:|1)>2F || Eyi .1

2
c; =

2
< ( Z 1) Z |:/ (gpal’a2,hR) hIOq * wyl (tl) da1:|
L:|I|>2%| I | L:|1|>2%| 1| By tq,1
1 2
< avor b |71/2 g ‘
= 02k|]0| Z l/E 1= yhie)| o, | 041}

I:|I|>2%|Io| yist1s!
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In the last line we have used the observation that the number of dyadic intervals I in T at

the k scales of length at least 2¥=11; is 1/(2¥|I|), and also that
Aty 4y (t0)] < Jhy, | < 172,

Therefore, using the Cauchy—Schwarz inequality again,

C _
cj < 2K| I| Z N / (™2, hg) [P |7 day.
0

Returning to the sum in equation (13), we have

C - a1,
Z C?I < 28I Z y1 1| ! / Z (™ Q,hR)Qqu.

JiJay C2 T LI >2k I | Byt g, ca2ry

The integrand is less than or equal to a constant times 2*|I||.J|, by the BMO condition on

the open set I x 2%.J,. Integrating over E,, ;, 1, we obtain

C _

JiJay C3-28 Jo I:|T|>2k I |

It remains to integrate the right-hand side over T'(1). Then

dt; d dt d
2 k 1 aY1 k 1 aY1
Jo| 2" ———= < 2%, //

// (o) k:’ n | 0‘ Ui 22k’] ’2 ‘ 0| T(lo) Ui

I: \I|>2’“\Io|

IA

k 3
22k|]0|2 2 ‘J0| |IO|

< 271€ ’[0 X Jo‘

Integrating over T in a; does not change this bound.

Now, summing over the rectangles Ry, we obtain

Z Z //T o dt dy

kil Ro:Ro€FrNG (Ro)
dtdy
VDS //
k  Ro:RoeF, 7 T(Ho)
< > > 2R
k  Ro:Ro€F}
< C|9,
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by Journé’s lemma. This controls the sum over the rectangles covered by case (i).

Case (ii). Here we consider those rectangles R = I x J for which I and J are both large.

Fix a point (t,y) = (t1,t2,y1,92) in T(Rp). We must estimate the quantity

dt dy
/ / [Cian)* —,
T(Ro) Yy

where
1,1
C(“) = ’// Z Z (goa,hR) hRa *wy@) dol. (14)
00 o\ Lay 1525 o] J:|Jay|>25 | o]
For fixed I and J in that sum, consider the expression
1,1
Clany(R) = // (0%, hg) [hira, * Ly ()] [hRa, * Yy (t2)] dal. (15)
0Jo

Again, the integrand can only be nonzero when oy € Ey, 4, ;1 and oy € I, 4, 1, Where Ey 4 1

and E), 4, 1 are of size y; and y, respectively. Also

(% he)l < CalRI'2,
Aty %y (0] < 117V,
Aty * ()] < [J17Y2
Integrating over E,, ;, ;1 and E,, ., 1 gives
Cui(R) < Cathye. (16)
Summing C(;;)(R) over I and J, we find that
1 1
Cuiy < Cy m m Y1Yz | - (17)
Therefore
dty dty dy, d
[Cpap]? LEL2NAY2 29—tk | (18)
T(Ro) w Y1 Y2 a
0

As in the previous case, we sum over these rectangles Ry in F; and use Journé’s lemma to

conclude that the sum is bounded by a constant times |(|.
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Case (iii). We must estimate the quantity

where

1,1
Clisiy == ’/0/0 Z Z (9% hg) hg, *d’y(t) dov

T Jag |2 Jo| Ty |<2VIo|

Move the integral in a; to the outside, by Cauchy—Schwarz. Let

cr = Z / ©* hR) by, * y, (t2) do.

J:| Jag [>28|Jo|

(19)

Fix ay. If hy,, % ¥y, (t2) # 0, then I, N 31y # 0, and so I,, C 3-2'Iy. Therefore, by the

L2-theory again,

2
dty dy
/ / crhi,, * Py, (t)
To) 1y, \I|<2l|1 \ %
Ialﬂ3fo7é@
2
dt dy1
// crhi,, * by, ()| —
T(lo) 1, |1\<2l\1 | 9
]al c3-2! Iy

< Z 3.

I:Io, 32,
Following the argument laid out in case (i), we get

1
2 —19l

I:I,, C321 J:|J|>2t Jo|

Summing over the rectangles Ry, we obtain

DS // Cus]? dtdy

k,l Ro:Ro€EFLNG;

S // ZZZ M
T(Ro)

RoRQEgl

< Z > 27| - 2o
Ro:Ro€G;

- Z > 2R
Ro:Ro€G;

IN

[Z Ozz—] 0,

22
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by the version in Proposition 1 of Journé’s lemma for the sets G;. This controls the sum over

the rectangles covered by case (iii).

Case (iv). We omit the argument for this case. The argument is similar to that for case (ii),

and uses Proposition 1.

This completes the proof of Theorem 4. [

As a corollary of Theorem 4, by duality we can establish the product version on the
bidisc of Davis’s theorem connecting H* and dyadic H} [D, Theorem 3.1, case p = 1], just as
Garnett and Jones noted for the one-parameter case in [GJ]. For complete information about
the Hardy space H' on the bidisc, see [CF1985] and the references therein. Product VMO on
the bidisc is discussed in Section 6 below; here we use only that VMO4(T®T) C BMO4(T®T)
and that product H' is the dual of product VMO.

Theorem 6 (Biparameter Davis Theorem). If f € H'(T ® T), then for almost every
a € 10,1] x [0,1], the translation T, f(-) :== f(- — a) belongs to HY(T ® T), and

1,1
| [ 12ty dc < €l
0J0

Proof. We will use the following facts about the Hardy space H'(T ® T):
(HY(T®T))" =BMO(T®T), H (T®T)=(VMO(T®T)),

and their dyadic analogues.

Take f € HY(T ® T). If f is also continuous, then f and all its translates T, f belong
to H}(T®T). To get the norm estimate, note that |7, f|| w1 varies continuously and uniformly
in . By duality the norm |7, f|| 1 is given by pairing with a BMO(T ® T) function. If we
approximate these norms, we can choose a family of p* which vary measurably in «. Indeed
the map a — ¢® will be piecewise constant.

By Theorem 4, the translation-average fo fo (-4 @) da is in BMO(T ® T), and
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|loll« < 1. Then

/01/01(Taf,<pa>da _ // /mTf (z) dz da
= T®Tf // Yz + a)dadx

< Al

In particular, T, f is in H}(T ® T) for almost all a.
Now assume f € HY(T ® T), ||f|| = 1. We can represent f = > f,, where the f, are
continuous and Y || fullmr < (1 +€)|| f]| 1. Define

= Z HTaanHé

The estimate for the continuous functions implies

// a) da = Z// 7.l de < 3 Ol < €1+ L

Since
‘/Taf(t)dt‘ <>
I n

o) < S (Tuf) (@),

where (T, f)* denotes the the martingale maximal function of T, f.

i Tafn(t)dt)‘

we have

Integrating with respect to z we obtain

1 Tafllmy < Fla).

6 VMO(T®T) from averaging VMO,(T ® T)

The product VMO space VMO(T®T) was investigated in [LTW] where, among other things,

the authors gave a definition of product VMO in terms of Carleson measures, and identified
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product VMO as the predual of product H'. We recall their definition of product VMO.
Let D,, denote the class of dyadic rectangles @ such that |@Q] is less than 27".

Definition 8 (Product VMO). A function b belongs to VMO(T ® T) if b belongs to
BMO(T ® T), and for each € > 0 there is an n € N such that for every open set Q in the

bidisc T ® T,
dt, dty dy, d
> ] v IR <o) @
Q:QC,QED,

where

D, ={Q =Q1 x Q2 ‘ Q1, Q)2 are dyadic intervals in T with |Q] := |@Q1]|Q2] < 27"}.

Specializing equation (21) to one parameter, it can be seen that this definition of VMO
is equivalent to Definition 3.

As in the one-parameter case, product VMO can also be characterized as the closure of

C§° in BMO (see [LTW]).

Definition 9 (Dyadic product VMO). A function b belongs to the space dyadic product
VMO, denoted VMO,4(T ® T), if for each £ > 0 there is an N such that for all open sets
ACT®T

S (e <Al

R:RCA,RED,|R|<2—N
We now prove the averaging theorem for product VMO, namely that translation-averages
of suitable VMO4(T ® T) functions belong to VMO(T ® T). The argument requires one
essential modification from the product BMO averaging theorem. When specialized to one

parameter, the argument gives another proof of Theorem 3.

Theorem 7. Suppose that p® € BMO4(T®T) for each o = (aq, 2) € [0,1] x [0, 1], @ — ¢
1s measurable, and the BMOy norms of the functions ¢ are uniformly bounded: there is a
constant Cy such that

le®lla < Cq
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for all « € [0,1] x [0,1]. Let x = (x1,x2). Suppose also that
/ e*(x)de =0 forall « €]0,1] x [0,1].

Suppose in addition that the functions o belong to VMO4(T @ T) uniformly: for each e > 0
there is an N such that for all a € [0,1] x [0,1] and for all open sets AC T® T

Z (90a’hR)2 < 5|"4|

R:RCA,ReD,|R|<2—N

// °(z+a)d

Proof. By Theorem 4, ¢ is in BMO(T @ T). Let Q be an open set in the bidisc T ® T, and

Then the translation-average

is in VMO(T @ T).

fix € > 0. Since the functions ¢® are uniformly in VMO(T ® T), there is some N such that
for all a € [0,1] x [0, 1] and for all open sets A C T® T,
> (9% hr)?* < el Al
R:RCA,RED,|R|<2-N
It suffices to show that for K = K (e, N) sufficiently large,
dt,dt dy dy
S [ esuop i < g @)
Q:QCN,QED,|Q|<2™ K
We first split the sum in the integrand of ¢ at scale 27V so that ¢ = 1 + @5, where

o= / S (¢ ) il + ) da,

R:ReD,|R|<2—N

= @—p1= // ST (¢ he) h(z + o) do.

R:ReD,|R|>2-N

Thus ¢ * 1, (t) = @1 * Py (t) + w2 * 1, (t), where

I / (0% hi) B, % 1 (2) da

R:ReD, |R|<2 N

oo % (1) = / / ST (6% ha) b, #,(t) do (23)

R:ReD,|R|>2-N
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Here as usual

Ro = Riay00) = (I — 1) X (J — ag)

is the translate of the rectangle R € D by a = (a1, az).
The estimate for ¢; is straightforward. We apply the arguments of Section 5, including
the splitting into four cases. The arguments go through without change, and we obtain a

stronger inequality than (22), namely

dtdtdydy
> [ e unp DAL < g

Q:QCN,QeD

We turn to the estimate for ¢o. We must show that there is a K such that

dt dtody,d
S ] terenr S <o) 24

Q:QCQ.QED,|Q|<2-K b2

where 5 * 1, (t) is as defined in equation (23).

Fix § with 0 < 6 < 27", and let K = K(g,N,d) > N be a positive integer, to be
determined later.

Write Q@ = Q) x Qq, and QT = QF x QF. If |Q| = |Q1]|Q2] < 27X, then either
Q1] < 27572 or |Qs] < 27572, or both.

We consider two cases for inequality (22), one in which we sum over rectangles ) with

K/2

|Q1| < 27%/2, and one in which we sum over rectangles @ with |Qs| < 27%/2. For notational

convenience we relabel K /2 as K. By symmetry, we may assume that our sum is taken over

rectangles @ for which |Q| < 27%. Then

dt1dtady,d

2 at1at20y10Y2
*

//Q+ o+, (1)l Y192

dt dtody, dy
R N B Rl )
(t1,t2)€Q Jo<y1 <2 K Jo<ya<1 Y1Y2

Now we make use of our previously chosen ¢, splitting the integral in y, into an integral

Q:QCQ,QeD, \Q1\<2 K

over 0 < yo < 0 and another over § < y, < 1.
First, consider the part of the integral in the right-hand side of inequality (25) with
0 < yo < 6. Fix R € D such that |[R| > 27", Because both y; < |I| and y, < |J|, the same
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arguments used to establish inequality (16) apply, and we obtain the inequality

/0/0 (%, hi) b, * by ()] da < Cyrys.

Since there are no more than (N + 1)2V*2 dyadic rectangles R of area |R| > 27V, we

find that

el = | [[ X s, sl

R:RED,|R|>2-N

> [ @t cvinal

R:RED,|R|>2—N
< (N +1)2Y2CC00n1,.

IN

Hence

02 % 1y ()2 < [(N + 1)2V2CCunya] .

Therefore

dtydtady, dy,
T
(t1,t2)€Q Jo<y <2-K 0<y2<5 Y2
2 dtldtgdyldyg

<[ .. / [+ 1220 g
(t1,t2)€Q JO0<y1<2—K Jo<ya<d Y1Y2

2K 0
= [veveceio) [ @ [t
1

0 Y2
) 5
2

— [(N +1)2¥*200,)’ 19| (2

< €|Q|

as required, if K = K (g, N,0) is chosen sufficiently large.
Second, consider the part of the integral with § < y, < 1:

dtydtydy dys
/ / / |92 * 1y ( )|2 )
(t1,t2)€Q JO<y1<2—K Jé<ys<1 Y1Yy2

et = [ / ST (¢ ) b, # (1) do

R:RED,|R|>2-N

where
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As before, |(¢, hg)| < C4|R|V2. Also |1y, %1y, (£1)] < |7|7*/2 and R, % Uy, (L2)] < |J| 712,
Further, hj, *,,(t1) = 0 except when a; lies in a specific set of total length at most

3|1;, (y1)| = 6y, because y; < |I|. We obtain

e, <Y / / ()| Ve, s (£2)] g, # (£2)] da

R:RED,|R|>2-N

1
S ClRMoy I [ 1] da
0

R:ReD,|R|>2-N

— Z Caby1

R:RE€D,|R|>2—N
CCy(N + 1)2V+%y,,

IN

IN

Thus

dtldtgdyldyg
I S B TRl
(t1,t2)€Q JO<y1<2—K Jo<ys<1 Y1Y2
2 dtldthyldyQ

< / / / CCd(N+1)2N+2y1:|
(t1,t2)€Q Jo<y1 <2—K Jo<ya<1 Y1Y2

5 g 1y
:[ccd<N+1>2N+2]2|Q|/ gl [ A

Y1 Js Y2
272K 1
— [CCy(N +1)2Y2]% || 5 log
< ¢|9],
if K = K (e, N,0) is chosen sufficiently large.
We have shown that the translation-average ¢ is in VMO(T ® T), as required. OJ
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