
MATH 11 FALL 2008: LECTURE 16

ART BENJAMIN AND DAGAN KARP

1. COMPLEX NUMBERS AND ROOTS OF UNITY

Recall from last time that we may use polar coordinates to write any complex number
z ∈ C in the form

z = Reiθ = R(cos θ+ i sin θ).

A direct calculation allows us to inspect zn, and this is useful enough to occasionally
be called a theorem.

Theorem 1 (De Moivre’s Theorem). For any z ∈ C,

zn = Rn(cos θ+ i sin θ)n = Rn[cos(nθ) + i sin(nθ)].

This theorem is particularly useful in that it allows us to find roots of complex numbers.

Example 2. Can we find the cube roots of −8? In the real numbers, there is a unique solution,
namely −2. In the complex numbers, there are three solutions to the equation

z3 + 8 = 0.

Note that we can write −8 in polar coordinates, by noting that it has modulus 8 and angle π.
Therefore

−8 = 8eiπ.

If z = Reiθ is a cube root of −8, then

8eiπ = z3 =
(
Reiθ

)3
= R3ei3θ,

where the last equality follows from De Moivre’s theorem. Thus R3 = 8 and so R = 2, as this is a
real positive cube root. Further 3θ = π implies

θ =
π

3
.

But we also have 3θ = π+ 2π = 3π and so

θ = π.

But we might also have said that θ = π+ 4π and concluded that

θ = 5π/3.
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In fact, all of these are valid solutions and give us three distinct roots of −8.

z1 = 2eiπ/3 = 1+ i
√
3

z2 = 2eiπ = −2

z3 = 2ee5π/3 = 1− i
√
3.

2. COMPLEX CALCULUS

2.1. Complex functions.

Definition 3. A complex function is (simply) a map of sets

f : C→ C.

Example 4. Let f : C→ C be given by

f(z) = z2.

The graph of this function lives in C2 which looks like R4, which is hard for me to see. But we can
inspect this function nevertheless. What does f do to a point z? Well,

f(z) = f(Reiθ) = R2ei2θ.

So f squares the modulus of z and doubles its angle. For instance,

f(i) = i2 = −1

f(1+ i) = 2i.

From our study of real calculus, we might ask the question: is f(z) = z2 differentiable?
First, how in the world should we interpret that statement?

2.2. Complex limits. In order to discuss complex derivatives, we first need to limits of
complex functions.

Definition 5. The function f has limit L ∈ C as z approaches z0 if for every ε ∈ R>0 there is a
δ ∈ R>0 such that 0 < |z− z0| < δ implies |f(z) − L| < ε.

Note that this definition of limit agrees precisely with our definition of limit of a real
function, the only difference being that for complex numbers, | · | is modulus, whereas for
real numbers, | · | is notation for absolute value.

Perhaps we should be worried? Is it possible that we may misinterpret our notation
and perform an incorrect computation? No! As we have seen, modulus is a strict gen-
eralization of absolute value, and the modulus of a real number is indeed its absolute
value.
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In addition, we have seen that our important properties of absolute value also hold for
modulus, e.g.

|zw| = |z| · |w|

|z+w| 6 |z| + |w|.

These tools are the basis for all of our limit theorems. Therefore our limit theorems are
true for complex numbers as well! So the limit of a sum is the sum of the limits, etc. . . and
the proofs are the same as before, word for word!

Remark 6. Note that there is a beautiful geometric interpretation of limits in the complex
plane. Namely, the set

{z ∈ C : 0 < |z− z0| < δ}

is a punctured disk centered at z0 of radius δ. Indeed, it is the set of all numbers whose
distance from z0 is positive (hence punctured) but less than δ (hence disk). Similarly, the
set

{f(z) ∈ C : |f(z) − L| < ε}

is a punctured disk centered at L of radius ε.

So, the limit in question exists if, for any radius ε > 0, there is a radius δ > 0 such that
every element z of the punctured disk centered at z0 of radius δ maps to f(z) which lives
in a disk of radius ε centered at L!

2.3. Complex differentiation. Now that we have complex limits, we can define deriva-
tives of complex valued functions.

Definition 7. For a function f : C→ C, the derivative of f is the function defined by

f ′(z) =
d

dz
f(z) = lim

h→0

f(z+ h) − f(z)

h
.

Remark 8. Note that h ∈ C is a complex number. This is the only new feature! Otherwise,
this is identical to our definition of the derivative of a real function.

Example 9.

d

dz
z2 = lim

h→0

(z+ h)2 − z2

h

= lim
h→0

z2 + 2zh+ h2 − z2

h

= lim
h→0

2z

= 2z.

Remark 10. An interesting feature of complex derivatives and complex limits generally
is the concept of “approach”. Recall that a real limit exists if the corresponding right- and
left-limits agree. In the complex plane,

lim
z→z0

f(z) = L
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requires that this limit is independent of how z approaches z0!

Example 11. Consider the function
f(z) = �z,

which sends each number to its complex conjugate.

d

dz
f(z) = lim

h→0

(z+ h) − �z

h

= lim
h→0

�z+ �h− �z

h

= lim
h→0

�h

h
.

What is this limit? Does it exist? Note that if h ∈ R, then

�h = a+ 0i = a− i0 = a = h.

Therefore, for h ∈ R,

lim
h→0

�h

h
= lim
h→0

1 = 1.

On the other hand, if h is purely imaginary, i.e. h = 0+ bi, then

�h = 0+ bi = 0− bi = −h.

Therefore, for purely imaginary h,

lim
h→0

�h

h
= lim
h→0

−h

h
= −1.

Therefore, this limit does indeed depend on how h approaches zero. Therefore this limit does not
exist. Therefore the function

f(z) = �z

is not differentiable.
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