
LECTURE 4: PLANES IN SPACE AND VECTOR VALUED
FUNCTIONS

DAGAN KARP

ABSTRACT. In this lecture we’ll study planes in 3-space and perhaps also begin our discus-
sion of vector valued functions.

1. PLANES IN SPACE

What the heck is a plane? How can we describe what it means for a subset of R3 to lie
on a plane? Just as a line is determined by a point and a vector, so is a plane. How so?
Let’s think about this a little.

Recall the manner in which a line is determined by a point p0 and a vector a is via
the realization that every point on the line must be a scalar multiple of a (which has
direction parallel to that of a) plus p0, where the latter must hold so that p0 is on the line,
as required.

But a plane is not specified by a given direction. In fact, any two nonzero non-parallel
vectors determine a plane. So there is not a unique direction contained in a given plane.
But a vector orthogonal to the plane completely specifies the “direction” of the plane. This
is the case in R3 because here there are only three “directions.” More precisely, R3 is a
real vector space with three dimensions. Hence two linearly independent vectors, which
lie in a plane, together with a third independent vector must span R3.

So, a plane is determined by the information of a point p0 contained in the plane and a
vector n orthogonal to the plane.

How can we write down an equation of a plane perpendicular to n and containing the
point p0? If p is any point on the plane, then the displacement vector −−→p0p = p − p0 must
be contained in the plane. Therefore −−→p0p is orthogonal to n. But orthogonality may be
expressed as the vanishing of the corresponding dot product. Thus we have

(1) n · (p− p0) = 0.

The plane then consists of all points p ∈ R3 satisfying Equation 1.

Definition 1. Equation 1 is called the vector equation of the plane orthogonal to n containing
p0. The vector n is called the normal vector to the plane.

To obtain a scalar equation of the plane, let n = (a, b, c) and let p = (x, y, z) and p0 =
(x0, y0, z0). Then Equation 1 becomes

(a, b, c) · (x− x0, y− y0, z− z0)

or

(2) a(x− x0) + b(y− y0) + c(z− z0) = 0.
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Definition 2. Equation 2 is called the scalar equation of the plane with normal vector (a, b, c)
through the point (x0, y0, z0).

Note that we may rewrite Equation 2 as

(3) ax+ by+ cz = d

where the scalar d is given by d = ax0 + by0 + cz0 = n · p0.

Definition 3. Equation 3 is called the linear equation in x, y, z of the plane normal to (a, b, c)
and through (x0, y0, z0).

Example 4 (Stewart). Let’s find an equation of the plane through (2, 4,−1) with normal vector
(2, 3, 4). We compute

n · p = n · p0

2x+ 3y+ 4z = (2, 3, 4) · (2, 4,−1)
2x+ 3y+ 4z = 12.

Proposition 5. Three noncollinear points determine a plane.

PROOF. Let p, q, r be three points in R3 which are not collinear. Then the displacement
vectors−→pq and−→pr are coplanar. Thus their cross product is normal to them both and hence
the plane.

n = −→pq×−→pr
Let n have coordinates n = (a, b, c) and p = (p1, p2, p3). Then our plane is given by

ax+ by+ cz = ap1 + bp2 + cp3.

Definition 6. Two planes are parallel if their normal vectors are parallel.

Example 7. Find the distance between the two planes x + 3y + 3z = 1 and x + 3y + 3z = 3.
Call these planes P1 and P2 respectively. How can we determine this distance? Let p1 ∈ P1 and
p2 ∈ P2 be points in these planes. Then the distance between P1 and P2 is given by the magnitude
of the projection of the displacement vector −−→p1p2 onto the normal vector n = (1, 3, 3).

We now need to find a point in each plane. This is accomplished by choosing, for instance

p1 = (1, 0, 0) p2 = (3, 0, 0).

So, we compute

projn
−−→p1p2 =

(
n · −−→p1p2

n · n

)
n

=

(
(1, 3, 3) · (2, 0, 0)
(1, 3, 3) · (1, 3, 3)

)
(1, 3, 3)

=

(
2

19

)
(1, 3, 3)

Therefore, the distance between P1 and P2 is given by

| projn
−−→p1p2| = |2/19(1, 3, 3)| =

2
√
19

19
.
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Remark 8. Recall that we have two equivalent ways of describing lines in R3, via parametriza-
tion and the symmetric form. We can now understand the symmetric form through our
understanding of planes. The symmetric form of a line is the system of linear equations

x− b1

a1

=
z− b3

a3

y− b2

a2

=
z− b3

a3

.

In particular, each of the above linear equations defines a plane,

a3x− a1z1 = a3b1 − a1b3 a3y− a2z2 = a3b2 − a2b3.

Two non-parallel planes intersect in a line. So the symmetric form of a line is the geometric
realization of this fact.

2. FUNCTIONS OF SEVERAL VARIABLES

Let’s recall some basic set theory to inform our discussion of functions of several vari-
ables.

Definition 9. The (Cartesian) product of two sets A and B is defined by

A× B = {(a, b) : a ∈ A, b ∈ B}.

Definition 10. Let A and B be sets. A map from A to B is a subset F ⊂ A×B such that for each
a ∈ A there is a unique b ∈ B such that (a, b) ∈ F.

Remark 11. We usually denote a map F from A to B by F : A → B. The relationship
(a, b) ∈ F is denoted by F(a) = b.

Definition 12. Given a map F : A→ B, the domain of F is A, the codomain of F is B, and the
range or image of F is {F(a) : a ∈ A}.

Example 13. Anm× n matrix represents a (linear) map from Rn to Rm.

Given a map Rn to Rm, how can we visualize it? Let’s attempt the easier special case
whenm = 1. We call maps to R functions.

2.1. Graphs of functions. One way to visualize a function f : Rn → R is via its graph.

Definition 14. Let f : Rn → R be a function. The graph Γf of f is the set

Γf = {(a, f(a)) ∈ Rn+1 : a ∈ Rn}.

Remark 15. Note that the graph of f is a subset of Rn+1! So for n > 2, the graph of f can
not be visualized. (At least I don’t know how yet.)

Example 16. Let f : R2 → R be given by

f(x, y) =
x2

a2
+
y2

b2
.

The graph of f is then
Γf = {(x, y, f(x, y)) ∈ R3 : (x, y) ∈ R2}.
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To gain some insight into this graph, let’s consider what happens for a particular value of f. If
f(x, y) = c, then we have

x2

a2
+
y2

b2
= c,

which is the equation of an ellipse. On the other hand, for constant values of y, say y = d, then
we have

f(x) =
x2

a2
+
d2

b2

which is the equation of a parabola in the x, z-plane. This graph of this function is a geometric
object called an elliptic paraboloid.

Definition 17. A section of a geometric object Γ ∈ R3 is the intersection of Γ with a plane.

2.2. The zeros of a function. Another way to visualize a function f : Rn → R is via its
zeros;

{a ∈ Rn : f(a) = 0}.

Remark 18. The zeros of a function are a subset of Rn, and hence can be visualized for
n 6 3.

Example 19. Let f(x, y) = x2 +y2 − 1. Then the zeros of f are the unit circle. Note that the unit
circle can not be realized as the graph of a single function.

Example 20. Consider the function f : R → R given by f(x) = x2. Consider the difference
between the graph of f and the zeros of f.

Definition 21. The level set at height c of a function f : Rn → R is

{a ∈ Rn : f(a) = c}.

Example 22. Consider the function

f(x, y, z) =
y2

a2
−
x2

a2
−
z

c
.

The level sets of f are hyperbolas. The sections of f by planes parallel to the x and y axes are
parabolas. The zeros of f are a geometric object called a hyperbolic paraboloid.
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